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Pbefaoe 

The treatise 'whicili I now place before the public is not offered as bearing the charactei of a 
Complete Theory of the motions of the Moon It is rather an Examination of Lunar Theory, as 
tested by the substitution of numbers, for symbols, oi foi the results of long and complicated 
operations conducted exclusively by use of ^mbols , and, for this reason, the distmotive •word 
N'omencal is adop'ted m its 'title It was begun almost acmdentaJly, from an inspection of 
the differential equations of the Moon’s motions, and a tnal how fer these equations would be 
satisfied by numerical values of co-offioients of a limited numbei of terms furnished by Delaunay’s 
theory To my groat surpiise, large discordances appeared An opportunity presented itself, of 
commumcatmg these results to the Board of Visitors of the Royal Obseivatory, at one of their 
periodical meetmgs On the representation made by that body to the Board of Admiralty, and 
through them to the Lords Oommissionera of Her Majesty’s .Treasury, authonty was given to me 
to proceed with the investigation, and to the Royal Stationery Office to pnnt the work, when 
completed, at tho pubhc expense 

It was undei stood that all calculations would be earned to the 7th demmal of the adopted 
unit (the Moon’s mean distance), corresponding nearly to ^ of a second of arc Calculations 
were made m duplicate, and the mass became heavy and expensive Dmiog mj connexion with 
the Royal Observatory, sums were allowed on the Observatory Estimates, for the expense of 
calculations After my resignation of the Office of Astionomer Royal (and indeed before tho 
last estimate could be drawn), I had no further public assistance For leimbursement of 
expenses which I had incurred, and for future expenses, a pecumaiy contribution was made by a 
Member of tho Board of Visitors, well known for his scientifio enterprise in a totally 'iiffay n' nt, 
direction, but who had also proved, by extensive private outlay, and by very successful use of a 
spemal class of mstruments, the mterest which he took m astronomical mqmnes 
The work was greatly delayed by the heavy pressure of busmess, not only in the ordinary 
conduct of the Observatory, but also lu completing the preparations, reports, and calculations, 
for the Transit of Venus of the year 1874, and m preparing for that of 1883 

On the work itself, I now offer some remarks I have explained above that the prmciple of 
operations was, to arrange the fundamental mechanical equations m a form suited for the inves- 
tigations of Lunar Theory , to substitute in the terms of these equations the numeneal values 
fiirmshod by Delaunay’s great work , and to ex a m ine whether the equations are thereby satisfied 
With pamful alarm, I find that they are not satisfied , and that the discordance, or ffulure of 
satisfying the equations, is large The critical trial depends on the gieat mass of computations in 
Section II These have been made in duplicate, -with all the care for accuracy that anxiety could 
supply StiU I cannot but fear that the eiroi which is the source of discordance must be on my 
part I cannot conjecture whether I may be able to examine sufficiently into this matter 
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T^a work teallj of t vo parbs , that irhidi is based on spbenoal form of the earth, and 

that which, is given by the obUteness of its real form The alarm whudi I have ev:pTe<uod apphes 
solely to the first of On the second, though its results differ ficom those of some astronomers, 
I have no fear of error Of other dhapters it is not necessary to speak 

Q B 

The White House, Qieenwich, 

1 885, August i8 
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The proposed Lunar Theort was first brought before the Public by the following address to the 
Royal Astronomical Sooibtt at their Meeting of 1874, JTnuaay 9 

In placing before the public a somewhat novel form of treatment of the Lunary Theory, it 
appears desirable to mtioduce the explanation of the method now proposed by a rapid suivey of 
the methods hitherto employed 

In the whole range of physical mathematics, there is perhaps nothing more remarkable than 
the beauty of the geometrical integrations, m the III Book of Newton'o Pi mofipwi,, foi the Lunar 
Inequalities m Latitude and for the Lunar Variation , and the general accuracy of the results 
It IS clear also, firom a few remarks m the iith Section of the I Book,*and from an unezplamed 
remark on the comparison of the mequahtios of the satellites of other planets with those of oui 
Moon in the HI Book, that hTewton perfectly understood the origin of what are now called the 
terms of the second order, by which the Velocity of Progression of the Apse, and the Eveotion, 
are so much increased But Newton published no numerical, calculation of those quantities , and 
the theory was, so far, left imperfect A more powerful calculus was necessary 

The want was supplied by the Diffei ential Calculus, in the shape in which it was established 
among Oontmental Mathematicians , and the particular form m which it was applied by Clairaut 
to the Lunar Theory exhibited at onco the power of the Calculus and the ease of applying it 
The simple form of Clairaut’s difterential equations for parnllaz and latitude opened out the 
entire process of extending the theory to any degree of accuracy, and showed at the same time 
the steps by which periodical mequalities of one form are deduced from the combination of 
periodical mequahties of other forms I think that scarcely sufficient honour has boon given 
to Clairaut for the foimation of this special equation, without which the progress of the 
theoiy would probably have been very slow Even now it is tbo boat form in which a 
beginner can enter upon the studies of tho Lunar Theoiy Olaiiaut's theory gives tho time m 
terms of the arc of longitude desenbed, which is not without advantage in tho tieatmeat of 
equations of long period , but it requires a final reversion of series, in 01 der to give tho longitude 
in terms of the tune Mathematicians in the later part of the present century have prefen od a 
form in which the Moon’s ordinates are expressed immediately m terms of the time I give my 
adhesion to this method , hut at the same time I am anxious to oifer my testimony to the value 
of the process so successfully introduced at a most ciitical pomt m tho progress of the science 

The next impoitant extensions of the theory weie those of Laplaoe and Damoiseau both 
founded on Clairaut’s equation , both exhihitmg the subordinate equations denved from the 
companson of co efficients which are expressed by unexpanded algebraical ffiaotionB whose 
denominators are very complicated (the piles of these fractions, especially in Damoiseau’s wbrk, 
are appalhng) , both giving the first results m numerical values for the oo-efficionts of numeicus 
arguments which are multiples of longitude , both leavmg in great obscurity tbe process by which 
the nnmeiical solutions of these algebraical comparisons were obtained , and both giving the 
final lesults m terms depending on ffie tune Damoiseau, however, added to this investigation a 
woik which demands oui gratitude a system of Lunar Tables expressly founded on the aggrega' 
tion of simple periodical terms having for arguments different multiples of the time It was by 
use of these Tables (with small additions denved principally fiom Plana) that I conducted the 
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gnat T»^Ti«finTi of Lunar Obaervationfl firom 1750 to 1853, and deduced from them the 
camctums of the pniwapal 00 efl 5 <aentB Damoieeau’s angular valuee were all ea^uressed in the 
dwision of the quadrant a method which posbesses so many advantages that I hope 
for its adoption in future tahles 

Flana a work, which followed, was not enturely pure m its method It commenoes, for instance, 
with an apphoation of theorems foi the “variation of constants,’ heie introduced with great 
advantage But m the more advanced parts it may be desonbed as estahhahed on the use of the 
fimft as the variable, and as exhibitmg every co-efficient in a series of algebraical 

without denommaitors Viewed as leading to an algebraical lesult, this work was a great 
advance beyond all wbch had preceded it , and in nnmeiioal aocorai^ it is probable that some- 
thing was gamed 

1 do not advert to the extensive mvestigatioiifi of Lnbbo<^, because they were principally in 
the nature of venfioationB, adopting generally M Flana’s system Nor do I consider the impor- 
tant quesboDS raised by Professor Adams, because they are, m fact, a re-exammation of specifio 
pniTito m a received theory Professor Bansen’s theoiy and tableB require mention, principally 
in explanation of my reasons for almost omitting them from a view of the pi ogress of the 
I attach the highest value tq Professor Hansen’s disooveiy of two inequahties m 
longitade produced by Totmw, of which one is universally accepted, and the other, though con- 
troverted, still appeals plaumhle And 1 value the new equation which he introduced in the 
Hbon’e latitude 1 bdieve also that the olgect which Piofessor Hansen origmally proposed to 
Tnmaftlfj namely, the more rapid oonvergance of terms, has been (in some measure at least) 
attained Tet I think that the general form of his theory, differing so much from the two 
qrsieins wbeh had preceded it, and preseniung httle facility for CQrrecting elements from obsei- 
vations, IS BO &r olqectionable that it is not likely to be adopted by fnture luixar theonsts , and 
that its introduction wa^ m fuit, a retrogade step But, m common with all wbo are practically 
ocncemcd with lunar ohservatians, I am grateful for his Lunar Tables , which, embodying the 
results of his own theory and the Qreenwioh corrections of elements, and publi^ed at a tune 
when the existing tahles weie rniuung wild, have been most beneficial to practical science 

But there remams one glorious work, almost superhuman in its labour, and perfect beyond 
others m the detailed eidubition of its lesolts , the Lunar Theory of Ddaunay he the tune 
IS adopted as the independent variable The masses of undeveloped firaotionB Here exhibited are 
greater than those of Damoiseau , the development m terms without denominators is more 
extensive than that of Plana , and the numenoal evaluation of eveiy term is moxe complete than 
that of any pteoeding writer Some terms to which we should have attached great interest are 
lost (at least for the present) by the untimely ddath of M Ddaunay 

How m all these woiks, so far as I have remarked, the following ohaiaotenstios 
h(fid — 

(i ) Each mveertagator baa begun has woik de novOf wxthoat matang any use of the results of 
proceding mvestigatois, even with the application of contingent corrections 

Each investigator has used the fractions^ m symbolical teams, to whioh. I have alluded , 
and, by adherence to the symbohoal form, has been compelled to expMid them in senes 
with rapidly moreasmg (xyeffioient^ 


PREFACE Vll 

(3 ) The nature of the steps has compelled the investigatois to decide the succession of their 
terms, not by numerical magnitude, but by algebraical oidei And this has produced 
great inequality of convergence Delaunay’s smallei co efficients aie piobably conect, 
as he has exhibited them, to o" 0001 , but bis largei terms conveige so Jowly that he 
has been compelled to supplement them by an assumed law of decrease , and they may 
perhaps be m error by almost i'' 0000 

(4 ) The mental labour m these operations is fearfully great M Plana once remarked to me, 
Quelquefois, Monsieur, ces calculs me font piesque perdre la tfite” 

(5 ) This labour cannot be alleviated, even in the examination oi workTdone, by an amanuensis 
01 assistant * 

In consideration of these circumstanoes (which I have known, os well from examination of the 
woiks of others, as from my piivate mvestigations), I have long held the opinion that a Lunai 
Theory, in whioh every co efficient is expressed, from the very beginning of the process and 
throughout, by simple numbers, is veiy desirable My ideas on this subject have by degrees 
assumed an orderly form , and I am now able to exhibit then leading pomts, as follow — 

(1*) I propose to assume Delaunay’s final numerical expressions, for longitude, latitude, and 
paiallax, with the addition of secular equations, as my fundamental numbers These 
will he converted into other numencal expressions referred to more convenient units 
To eveij number, as far as I think necessary, will he attached a symbohc term for 
contingent coneotion , in some cases considered as varying with the time In all cases 
I assume that this correctioxi will be so small that its first powei will be sufficient 
The secular terms will probably mtroduce cosines with smes of the same argu- 
ment 

) I propose to substitute these numbers with symbolical corrections in the equations m 
which the time is adopted as mdependent variable The fractions to which I have 
alluded will still occur, but not in a troublesome symbohcal form The gieatest com- 
plication of denominators will bo that of “ a numbei with small symbohcal correction 
attached to it which will be instantly converted mto two terms without denominator 
There will never be an infinite seizes 

(3* ) The order of terms will be numeiical , and, as far as I peioeive, they will he equally 
accurate throughout 

(4* ) The details ot the work will be veiy easy 

(5* ) A great pait of the work can be intiusted to a mere computer , and probably the whole 
can he examined, or can be repeated in duphcate, by such assistant 

To this I add — 

) rhave stiong confidence that equations of very long period may thus he examined with 
great severity, especially when there is reason to suspect that the form of the principal 
arguments may be slightly changed 

(7* ) The result of the comparison of the teims in the mechanical or gravitational equations 
will be, a great number of equations for determining Ihe numencal values of a great 
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nnmlDei of smaJl quantities I anticipate no diflculty in tlie solution , it is usually 
sufficient for the determination of any one of the small quantities, to change (where 
necessary) the sign of its co-elhcient, so as to have all its co-efficients with the same 
sign (the sign of the constant term hemg also changed), and to add all , neglecting all 
the other unknown quantities In some cases, however, it may be necessaay to tieat 
two of these corrections m combination 

Though very late, I have actually begun a Lunar Theory m the shape which I have 
described 
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NUMEEICAL LUNAR THEORY. 


INTRODUCTION 

The pnnoiple of this Theory is, that the formnlse or numbers defining for any moment the 
position of the Moon, which hare been obtained by Delaunay from algebraical theory, are used 
aa a very appioximate basis , but that every term is supposed to admit of a correction, so small 
ttatits square will never be sensible, on^ that, in prosecuting the algebraic treatment of the 
quations of Lunar Theory, this correction is to be expressed as an Algebraical Symbol peculiar 
to each term, caUed the “Symboheal Variation” of that term, but that its real value apphoable 
to each term is ultimately to be obtained in a Numenoal form For this purpose, the work 
must be earned through the following successive steps 

1 The algebraical form of the Lunar Theory must be given This, as in aU theones of the 
motion of a free body in space, will consist of three independent Fundamental Equations [which, 
at the end of Section I and through the work, wiU be distinguished as Equation (lo), 
Equation (ii), Equation (la)] Bach of these equations will consist of two parts 
The first side (which we shall call the orlvtal side) contains algebraical aud numenoal 
quantities, which consist only of combinations and dififerentials of the assumed (Delaunay's) 
formulae and oo eflacients that define the tabulai place and motion of the Moon , accompanied with 
mu^ples of the Symboheal Variations of the possible additions to these numerical quantities 
This side, formed by combinations of the differentials which ongmato in the simplest 
steps of algebraical mechanics, represents the force which must bo provided in order to mamtam 
the assumed motion in the assumed orbit (as symbobcaUy corrected) 
m second side (or gvemUttumd side) exhibits the forces which arc provided to mamtam the 
orbital motion , it contains the results of the mutual attraction of the Sun, Barth, and Moon 
with othei multiples of the same Symbolical Variations, foi the change of forces which will be 
pr^^ by the change m the value of co-ordinates arising from the possible addition to the 
orlutal quantities , and also with any reqmred additions (when mtruding forces are considered) 
that are not mduded m the usual exjjressions of terrestrial and solar forces 
The assertion (by the symbol of equality that the orbital side is equal to the gravitational 

Mdfi, or the assertion "Oibital Side -Gravitational Side = o,” completes the Fundamental 
Aqtuition 

The factors of the Symboheal Variations will be treated m detail m Sections VH. and VTTT 

? The &st expressions of the oo ordinates, both of the Moon and of the other attraotmir 
bodies, and also the expressions for the forces of then! mutual action, are nsoessanly formed 
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m terms of the true co ordinates of tho sovoul hotUfS, in tho fust msLanci', in turn of tin 
rectangalaJT CO ordinates ( 8 , y,z, and subsequently, m toi ras of tiui uulius vcHoi, tiiu loiiKi- 
tude referred to a given pl-mo, and tiuo latitude rcfoiicd to the same plain In tins stati , tin* 
Equations (lo), (n). (la), are e-vhibitod at tho ond of Section t Souu simph constanf numhir . 
there entering (applying to the Sun’s moan distance) nc tilccn by uitiajution Iiom i (ollowmi 
section Eor the solution of those equations, it is nocossaiy to ixpitss all by n l« k mi tn orii 
fundamental variable Tho vaiiable adopted by Liplaco was “tho Moon’s tiiu 
But Plana and others, down to Delaunay, have adopted "tho timo" , and this is tollowi'd tu (ht 
present work It is n&ossaiy, for this puiposo, to employ Del lunay s i\pussioii>' miimiHof 
the time (m veiy long sdJies of diffeient poiiodic teims with dilluont aif’iuncnt*- ami dilli'icnt 
co efficients) foi tho radius vootoi, for the longitude, and foi tho latitude, of ►Siui, Kiilli and 
Moon, and to perform upon them tho various operations ol mult^ilicatiini, dilli unlinlmn Asp 
which are indicated in Equations (lo), (ri), (la) Tlic mode of conducting tliii work is 
explained in Section II , Pait 1 

The results for the oibital sides of tho Fundamental Equations iiu» (\hibitul m Hi ition II , 
Part 2 (for Equations (lo) and (ii)), and m Section II , Pait “I (tor Eiiuatiou (12)) 

The mmilftr conversion of the gravitational side is c/Iocti d in si vcial huct cssivo Si 1 1 mm .mil 
their Parts Part 1 of Section EH contains tho oiwrations foi the ti iiisfto 4 uimi foi 10 m 
Equation ^10), and Part 2 contains those for Equation (la), both loqunmg a Inctm M dt pending 
on the proportion of tho masses of tho Eaith and Moon (It will bo sun m tin cnurii' of the 
mvestigation that the terrostro lunar forces contribute notlung to Equation (n)) I’aif I oi 
Section lY consists of algebraical investigation of tho Solar Foicis, Pint 2 ixbibits tlu 
converted forces for Equations (10) and (n), and Part ^ those fot Equatnm (» ’) TJu* 
caloulationB for the Solar Poices in tho jilano of tho ecliptic arc vciy long, md fht* U*ps of 
calculation are therefore exhibited only for the fust fiftoon arguments 

The process which has been used for the voritcation of those nuinciicat opiu atmns, and of 
which one result is a small change of the assumed value of parallax, is dcsculit'd m Section V 

All parts of the Three Fundamental Equations aro now expressed by piuiodical tiims, 
whose arguments are given in multiples of timo, and whose co ollicionts ait nuintiual Tht* 
CO efficient M only retains the symboheal form 


3 Antecedent investigations (not cited hero m detail) have shown that tonus of i xpression 
similar to Delaunay’s, with perpetually-diminishing co efficients, aio competent to pioduco ft 
lunar theory founded on the principle of gravitation, to any assigned degree of at curacy 
Therefore, if Delaunay’s numerical calculations are correct, the substitution of ovory one of hie 
terms m each of the three “Equations,” without alteration of his co-cfhcitnts, will give for each 
of the "Equations” the lesult 0 The examination of tho possibihtj of satirt^mg thui 
requirement must he conducted by the following steps 

First, an exact or approximate value of M must be detcrminod, which will produce, in every 
OM of the subordmate terms that contain M, the results, "Terms of Equation (10) » o," 
“’Terms of Equation fia) = 0” If no satisfactory value of M is found, tho value that i« 
judge most probable must be adopted for use, with the symbol 8 M attached, m order to give 
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means of making a emill Aauation,if neceseaij. This investigation, and the substitution of 
on assumed value foi M, and the exhibition of the outstanding eiiois of the thioc “ Equations,” 
occupy Section VI ^ 

4 The impoitant object to which investigations aio now to he diiootcrl is, the cxpiession of 
the outstanding discordances foi each of the tliico "Equations,” m multiples of vuiations of the 
co-efficients of eveiy term m those » long seuos ” to which allusion Ins been made m Article a 
Foi this expression we must pass tlnongh two steps, of which the hist only ts tieatcd in this 
Article The fizst tidubition of Symbolical Vanation of the “Equations” must consist of 
multiples of the simple symbols foi Vaimtions, of Ecliptic Paiallax (oi i.ccipiocal Radius-Voctoi), 
of Longitude, and of Noimal to tho Ecliptic-Plano The oxptossions foi tho multiplieis of these 
symbols aie to be formed by a diffoiontiating-piocess peitoiinod upon tho algebraic cxpicssions 
for the " Equations ” The details of this opoiation arc given fully m Section VII Fiom those, 
the First Factorial Table is formed, oxhibitmg (by means of those multiphois, and by collection 
of results applying to each Oibital Element) tho soiial factors which nio to multiply tho Vaiia- 
tions of the Oibitnl Elements 

6 The second oi final step foi exhibiting Symbolical Vaiiation of the “ Equations ” is the 
foUowmg —The expiessions foi longitude, ocliptic paiallax, and ecliptic normal, ut now to be 
introduced in tho form of those long seuos oi teims imiitioned m Aiticle a, whore each tonn i8(, 
a numeucal co-efficient raultiplymg an aJgobraicil poiiodicdl quantity, tho lengths of pciiod foi 
all the different quantities being diffoient Tho Vaiiations of longitude, &.c ai o to ho oxpiessod 
by Vauations of thoso co efficionts and of tho argumonts of tho pc nodical quantities, and aio then 
to bo multiplied by tho Seiial Factois mentioned at the end of Aiticle 4 This completes tho 
detailed exhibition of Symbolical Vauations of tho Fundamental Equations 

6 Every comhmation of these Symbolical Variations, multiplying a teiin distinguished by any 
one argument, is to bo used entiioly sopai itod fiom toiras connected with any otliei argument 
and IS to be multiphed by a sopai ate indoteiramato co-officaent, to correct tho numciical out- 
Jandmg value of a separate portion (based on tho samo argument) of cacli Fundamental 
Equation Thus every vaiiation of suhoidinato co-cfiiciont or aigumont furnishes a sopai ate 
portion of one of the Fundamental Equations, and, by moans of those, tho value of every 
mdetermmate co efficient can he found, and evoiy tahulai element can bo couoctod The stons 
leading to this will be found in Section IX As tho piocess is exceedingly complicated, it may 
be necessary to dmde it into parts, for which no general lulo can bo pioviously laid down 
Thus, if the discordances scorn to indicate the oxistoneo of gieat eirors 111 individual 00 efficients. 
It may bo best to commence with thorn, otherwise it may bo best to begin with SM, and with 
the motion^of apse, and with the motion of node (Tho two lattei methods are not employed 

This termmates the oidmary Centripetal Luuai Theory 
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7 CJoDBiderations on tke detenmnation and application of the numencal value of the Moon’s 
•itfnaa ate suggested for examination 

8 The terms produced by the Oblateness ot the Earth aro to bo considered as m the class of 
Intruding Forces in the “ Equations, ” and their results may bo obtained by use of tlio Modidod 

Factonal Table 

9 The terms vhich depend on the slow chango in the position of tho Solax Bdiptic may ho 
treated m the same mStBiier 

10 The terms which depend on the slow chango of Excontncity of th© Solar Orbit may ho 
Similarly treated 

11 Terms depending on other external causes, not treated m this work, may in all cases ho 
referred to a d isou s si^Ti mimlaf to that which termmatos m Aikdo 6 (ahovo) They piosont no 
difficulty in the Lunar Theory, stnctly so called , thoir real difficultios consifat in tho preparation 
of the first formulte expressmg tho first mechanical effect of those oxtomal causes 
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Section I — ^Algebeaioal Form op the Theory 

It i& aasiimed that the motioD foice of one body acting upon anothei, and tho movement of 
the body subjected to such motxon-foice, may be resolved into the duections of thieo loctangulai 
CO ordinates, by using as factors the cosmos of the angles made, by the direction of the motion 
/ ioice 01 of the moveiAent, "with those thiee co ordinates , and that mdependent equations may 
be formed foi those three diiections by equating the motion-force m each direction to the second 
differential co efficient (with legard to time) of the ordinate in that direction 

It IS also assumed that, in the instance of giavitation, the motion-foice, which the atti action 
of one body pioduces on each of the material particles of another body, is entirely independent 
of the existence of othei material particles of that body , it bemg understood, nevertheless, that 
there may be connexions, or attractive oi repulsive forces, between those material paiticles, 
whose actions and reactions on each particle are to be combmed with the above mentioned forces 
produced by extraneous action 

Finally, it is assumed, as a law special to gravitation, that each body attracts each otliex body 
in the direction of the Ime joining the two bodies, and with a motion-foice invusoly piopor- 
tional to the square of the distance between the bodies, and directly proportional to tho mass of 
the attractmg body 

Let e, be the masses of the Sun, Earth, and Moon, estimated by the acceleration which 
they lespectively produce on an extraneous paiticle at distance 1, m time 1 Tho unit of 
distance will be left arbitiary , the umt of time will be mentioned in Section II 

All ordinates are to bo understood as refeiied to the plane of position of tho ochptio at some 
defimte time (as the year 1900), and a line drawn in tho direction of tho first point of Aries 
in that year is the ongm of longitudes 01 angles m that ecliptic plane For 1 octangular 
co ordinates x is directed to the first pomt of Aries m that year , y at right angles to x, in tho 
plane of the echptic of that year, on the side corresponding to "diiect” motion of tho Moon 
Aoiu Aiiea , and 0 noimal to that plane, towards the north 

Foi the position of the Sun m the orbit which he appears to describe lound the centie of 
gravity of the terrestro-lunar system let A be his mean distance from that center of gravity , 
JS the excentnciiy of his orbit, supposed invanable (the effects of a small erroi in this 
supposition wiU be corrected as suggested in Intioduction, Article 10), R his distance at any 
moment , V his apparent longitude at the same tune, as viewed fiom that centoi of gravity 
W^V+ 180'^, the apparent longitude of the center of gravity as viewed fiom the Sun 
For the present, it is assumed that the Sun appears to move exactly in tho piano of *the ochptic 
of the year 1900, and therefore haa no apparent latitude (the treatment of the effects of a small 
error m this assumption is noticed m Introduction, Aifcicle 9) 

For the position of the Moon with respect to the Earth let a be the mean distance of the 
Moon from the Earth , r the distance at any moment , 1 the northerly inclination of that 
distance to the ecliptic plane, 01 the Moon's latitude , 7 cos 1 the projection of r upon the plane 
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of the echptio foi which we shall somotimos wiito p,vthe angle made by p with the hue to the 
first pomt of Aiies, oi the Moon’s longitude It will be seen that x = p cos v oi i cos 1 cos v 

2/ = /? sm ® or 1 cos 1 sm u, 0 =. |S tan 1 01 » sm 1 ’ 

Foi the position of the Moon with lespoct to the centu of giavity of the terrostro-lunai 
system, the same formula will apply, lequinng only the substitution of r x — ^ foi i and 

^ ^ « + M. ^ position of the Earth with lespoct to the centoi of giavity, it is necessaiy 

to substitute t X andp X foi r and p respectively, and also to change the signs of tho 
throe resulting terms • 

The foices which affect the relative motions of tho Eaith and Moon aio derived fiom throe 
somces (i) The mutual ittraction of the Eaith and Moon, which we shall call "Toirostio* 
Lunar Attraction” («) The oxcos. of tho Sun’s attraction on the Moon above its attiaotion on 
the Earth, which we shall call “Solar Attiaction” (3) Small modifications of those foicos 
(of which two have been mentioned above, and a thud, tho effect oi Earth’s oblatoncss, is 
noticed in Intioduction, Article 8) , or small extraneous foieos , m eithei case so small that it 
m 0 T^ecessary to consider the squares of thou nuinciical ropiescntativcs wc shall call 
these “Small Additional Forces” Tho first and second of these olaases of foicc will bo most 
co^omently repiosentod by forces refoning to tlio lolativo motion ol the Moon louiid the Baath 
as Center, and estimated numorically,— m tho direction of p,—in tho chiection transversal to /? m 
the ecliptic plane,— and m c towards tlio north Tho foicos of tho thud class must be loduoed 
to the same form, and may bo called lospoctmly, P, P, and Z wo shaU have no occasion to 

refer to them until wo enter on tho investigations of the subjects mentioned m tlic Intioduction 
Articles 8, 9, 10 ’ 

In oui algebraic mvostigations of all these foicos, we shall commence with odiptic foicos m 
the direction ofp,echptic forces tiausveisal to and ioices noimilto tho oohptic, and shall 
convoit them mto lectangulai foicos in tho dii oetions x, y, Forming tho mechanical equations 
^th lespect to y, and 0, wo shall deduce from thorn tho loctangulai equations which apply 
to the longitudinal measure of the ochptic ladius p,— to tho double aioa m tho plane of tho 
echptic,— and to the mcasuie of 0 noimal to the ediptio piano Wo shall then loconvort those 
rectanguldi equations mto equations depending on —force m diieotion of p,— force m echptic 
plane transversal to p,— force normal to tho echptic Call those three foices (pf), (if) (zf\ 
Converting (jpf) and (tf) mto rectangular forces (oaf), (yf) 

+ (*/) = + O’/) l-(tf) I +(yf) = + (pf)t+(g) 

and the equations of motion m x and y are, 

W+l^= + (fl/) (3)+J/ = + (p/) l + (tf) I 

Tho 6(^ufttioii of motion, in 0 is simply— 

(3) = (®/) 


b 
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By a first combination of (i) and (2), 

^ S' + ’/5r = + (P/) 

or + + (if + ^ + ©)’} - { & + 

Or + /,{4+!/t}-{©‘+f ©*} = +(«') f ^ 

Bntcu^ + =/5 ^7 = ^ ^ dt} ~ ^ 


P> 


And the equation is npw — 

( 4 ) + i J- {0 cog 1)?} - {j,(i cos 1)}' - 0 cos 1) X (J)' = b (pf) ) cos 1 
This IS the equation of Ediptic Eadius Vector 


By a second comhination of (i) and (2), 

Or, 

( 5 ) +It{{'^ cos 1 )" ^} = + W) ■> cos 1 
This IS the equation of Echptic Aieas 




In equation (3) lye shall merely substitute a value foi z 

(<5) + ^ 0 oin 1) = + W) 

This IS the equation of Elevation ahovo the Ecliptic 

We have now to give vdues to the diffoiont symbols, (//), (p/), (0/), for the con osponding; 
parts of the differ eut origins of force 

First, for Teiiestro Lunar ALti action 

The motion-force which the Eaith exeits to draw tlio Moon towauls the Earth is ^ in tlu 
direction of the line that joins them , the motion force which the Moon c^vc x ts to diaw the Eat th 
towards the Moon is m the opposite direction of tho samo line , and the combined T( ucsti lal 
and Lunar Attraction,” which tends to diaw tho Moon lelativoly towaids the Eaith is ' » 

which IS to have the negative sign, inasmuch as it tends to diminish Q The losolvcd pat t of thin 
force transversal to p in the ediptic plane is evidently o , that in tho diroction pm — ‘-j/ cos 1 , 
and that m the direction 0 is — sin 1 It is now desuablo to express ^ 4. pc (at least in a 

rude appiozimation) m terms of the elements specified at tho beginning of this fclechoii, with 
the addition of the periodic times of revolution 

For the unit of time, it will be found extiemoly convenient to adopt ''the Moflp's mean 
periodic time diMded by ar,’’ 01 If ^he Moon moved (1 datively) m a circle who^o 

radius is a, the circumfeiential velocity (for unit of time) would bo a, th(‘ contnpctal forco at 
the mreumferential distance (by the formula wid tho centripetal foice 

at fimtance i must be a® And the same value would be found xf tho Moon moved, undistuibtd, 
m an elliptic orbit m which the mean distance = a 
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But the Moon’s relative motion is distuibed by the action of the Sun , attiaoting both Eaith 
and Moon, hut in different degrees and different directions, accoiding to then position lolativo to 

the Sun The Sun’s force being = (distance of attiaoh.d body) ™ duootion ot the joining 
line, it IS seen (by leference to Section IV , oi by genoial leasomng), after due estimation of the 
sepaiate actions on the two bodies and taking then difference, that tho moan disturbing force 
tians’tersal to the radius vector is o, and that the moan disturbing foice in the diicction of 

ladius IS sensibly = + 3 ^ at syzygies, and = — ^ at quadratures, and its moan value may 

he taken as + ^ ^7 which the mutual attraction of Eaith and Moon is dimmishod 

Hence the centiipetal force at the ciicumferontial distance, which (os we have found) = a, and 
which must consist of ^ ^ gives the equation a = or = i + ^ 

Now consideiing the terrestio lunar system as revolving lound the Sun in the time "yoai,”, 

the measure of which, lefeired to the unit above mentioned is, Tear x , r ffcha 

numeucal value is 83 998!^, or 84 nearly) , tlie cucumfeience is utt x A, the oircumfeionlial 
velocity IS ,4 X centripetal force at mrcumfei enoe must bo J. x 

/SidoiLal nioiitli\2 ^ , . . 

V Yuar ) ^ " 3 T“ Substituting 


This must •= or Hence we find ^ = 

/Sideicnl month\a 
Tcm ) 


this m the former equation, = i + ^ ^ 


= I + i ( 


/Sidereal month\a 

) » 


and 


€ + (J . 

a* 


T 1 /Sideioal month\2 

^ + y ( - ) 

^ + i (1)* 


i4r^ol(e + At)x (^ + 1 
With tho values, — — montu 

jLOor 


= ^ _ Son 8 mean h c paia llav 8 91 ^ ^ ^ 

3 Moon 8 h e poiallax *“ ^423 30 OOi^5oo6, tlus bocomos =s 100:57976 

In this computation the effect of mtroduction of Solar ParaUax is numeiically msonsiblo 
It IS to ho remarked that the process by which wo have found the numerical value of 
IS not severely accurate, and we must consider that numbci as liable to conoction In adopW 
(foi that value of a which wiU lead to tho best representation of tho fundamental masses of tho 
Earth and Moon), the mean value of wo have been guided by tho genoial conception that a 
mean va^e of i in every part of the oihit will produce the same general effect as to attractions 
penodic times, effect of solsi action, <Sic, as the combination ol all values of ■} And when the* 
megulanty of values is veiy small, there appeals to be no doubt that this will bo sensibly tiue 
But there is not the same security when the excentiicity and other causes of pcrtuibation aie as 
great as they aio in the teuestro-lunaa. system It appeals possible, foi instanoo, that wo may 
moie adv^tageously adopt the symbol a (to be used frequently hereafter), which lopresents a 
radim that goduces a value of paxallav of the Moon equal or nearly equal to the mean value of 
para^ (It wdl be seen in Section II that a = a x i 0015647 ) Ibe substitutions in our 
equations will decide on this point meantime wo remark that it is very dosirahlo to obtain a 
fairly correct approximate value as early as possible, in order that the ultimate correction to it 
maybe so small as not to endanger our fundamental principle, « that squares and products of 
collections shall be too small to be recognized in further operations ” Puttmg M for we 
may be assured that the numerical value of M will not differ materially from i 

b 2 I- 
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And thus, foi completing the seveial Equations on page 10 — 


Eiret, for Teirestro Lunar Attiaotion, 

The force in {pf) is — cos 1, and the term contnbutedto Equation (4) is — cos * 1 

The force in is o, and nothing 13 contributed to Equation (5) 

The force m (zf} is — sin 1 , and the term contributed to Equation (6) is — sin 1 

# 

Second, foi Solai Attraction 

For the details of this, we must refer to the end of Section lY, Parts a and 3, pages 66 
and 57 It will be remarked, m pages 54 and 55, that the numbers on pages 66 and 67 cthibit 
the difference of the solar effects on the Earth and on the Moon 


Third, for Small Additional Forces 

The teims contiibuted to the Equations will be, 

To Equation (4), + P i cos 1 

To Equation (5), + T r cos 1 

To Equation (6), + ^ 


Combining these with the principal terms at the head of page 10, our Equations will take the 
foUowiiig form — 


«!)• m - iSie.cos.1)’} 


“Equation (10) < 


-4^ (cos l)“ 


+ teims produced by Solar Attraction, Section IV, Column 54 


I ^ ^ 1 

+ - cos 1 

a a 


>.= O 


Equation (11) 


+ terms produced by Solar Attiaction, Section IV, Column 68 
+ ? ^cosl 


L ■ a 


>= O 


O* 


Equation (12) ^ + terms produced by Solar Attraction, Section PV, Column 7a 

[+-a 

For effecting a solution of these Equations to a high deeree of aocnroy™- 
win* the mT^i^tioie o£ pweetog theonete, .e weU M our own mumouboi 

tymbob cbL bo delemmed «id uppbed to tte Meumed nun.LodU™'*' 
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Suction I — at cebraicaxi porm or the theory 

Delaunxy, Expiesuon Numcuqiio, 
atte^ed to the Comuz^ 8 acmce des Tem^s, 1860, the numbeis bein all Utoiod hae 

mthe proportion of 34^27-00 to 10000000 (the leading numbeis £01 paialUz m the two 
systems of numeiical expression) But the adoption of these numbeis, foi the piesent work, is 

convenience, not olludingin any dcgice to tue specialities of Delaunay’s 

We shall now modify oui algebiaioal foims of the goomctiicil ielations,^o as to feroduce more 
symmetncal expressions m reference to the Eaith and tlie Moon And we shall onut, lor the 

flituie, the teims P, T, and Z, depending on acadental foices , unless they should bo lequiiod foi 
special perturbations ^ 

For the Origin of Co ordinates, we now adopt the Oentei ot Gravity of tho Eoith md Moon 
The symtels r ^d j have the same meaning as befoie, but oiigmate at a point very sliglitly 
^erent from former origin All details of the lesults of this change will be found in 
oection 1 Y , Part I, page 5^^ and following investigations 

*Enaimnm Delaney’s page ,i, tlu«l hne fromtfio bottom Ror - o» io6o cos 4D lead 

+ 0 i960 ooB 4V AtoDolumay*'? Theonc, Jome II, pp gSa and par 
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SnonoN n— P abt 1 — ^Fobha-iion of OaBnAii QnANinirs 

Tt> lie Introdnoiaoa it has been explained that veiy appioxunaU- cvpiossions, witlx iiunioi ic il 
oo-effioientB and numenccJ factors of aigninents, fox throo elomunis (Icflninij the moon’s oibital 
place, are to be adoplied, as subject to very bmoU collections (which it is the ob)OCt of tins woik. 
to investigate), and ti^^at, with these veiy approzunate cxpitssions, wo aic to foim two sets ol 
quantitLes , one set representing geometnoal functions of the moon’s oibit i 1 place and luotioii, 
and the forces regwvred to TmtintiiiTn them, the other sot giving values of the Icnccs which piu( 
medhamcal considerations of the gravitational actions of othor bodies on thu moon mdicato is 
really aetvng on hex , the ultunate solutions resting on the couipaiison of the two sets oi (jitaii- 
tities These geometnoal and mechanical parts aac, m fact, tho first ind socoml paits i(S]ioc~ 
tively of the three Equations (lo), (ii), (12), and in this Bcotioii wc piooccd to toim ilu fust 
paxts of those three equations, by use of three adopted ozpiossions ioi tho defining eh munis 

In selecting the veiy approzunatc expressions oi the thiou elomontH, thoiu could lie no Iiositor 
tionm fixing on Delaunay’s expansions foi Faialla\, Longitude, and Latitude , both because* 
their aconiae^ is generally accepted, and because tho foim m wliidi they oio given is odinmihl') 
adapted to extension of the theoiy 01 to ooirootion of tho co ofhciontH 

We may xemark heie, as has been said in tho Intioductiou, that theue is no doubt of lli(> 
competency of our adopted form to ropiosoni the motionH founeled on tlie ]ii imaiy conooptioiis of 
gravitational mechanics, provided that proper numoiioal values oxo given to tho (o cfhcioiitH uid 
factors of arguments In the oidinaiy methods of prooeoding, tlio subsUtution oi large tuiiim 
produces small tenns with difierent ailments, whieih lead to cloHur solutions of the e qualions , 
these produce still smaller, leading more nearly to oxact solution, and so piuooeding to any 
assigned degree of accuracy , and all tlieso terms aro toims of the form employed m oui invosti- 
gationB hero Sot the process is liable to accidental and numoiical onoi which it is our ob|oct 
now to correob For any othm smsU mechamcal foioos, tho spocial lilccts can bo computed 
without difficulty 

We shall premise a few words on tho values to which all numeiioal oxpioHsions oro 
tefeiied 

Sueih expressions as where both a and » aro the values of linoai moasuros, aro ovidontly to 

be referred to the abstract 1 , and it la also convenient to xefer tho anglo^ oonsidoxod m tlio first 
instance as arcs m a enreile, to the radius of that enxolo, and thorof oro to rolor " angle ” or 

abstract 1 , as umt of angle In fixin g on the extent eif decimal sub division to which 
the numerical expreasionB should be earned, it was decided to adopt the limit o 0000001 or 
lo-f This secondary umt corresponds, m angle, to one hflaoth of a second nearly Tho value 
of this secondary umt hemg always home in mmd, there is no necessity for wnting tho cyphois 
preceding the significant figures, as m ordinary deounal computation In some instanoos, it 
appears necessary to proceed to lo-® or 10-^, in these cases the additional aro 

separated by a comma 
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the operations which commence at this pomt, we shall have to effect a gieat nnmbei of 
miiJtiplxcations or divisions of decimal expiessions by decimal expiessions, the factors and the 
product or quotient being almost univorsaUy mcluded between the place of units and the place 
0 seventh decimals For s, convenient and secure piotess, which would not employ unnecessaiy 
^nies, and would leave no uncertainty on the decimal point, the method of successive divisions, 
foi forming successive additions or subtractions, appeared best There the multiplicand is divided 
y a convement divisor (usually of one figuio, sometimes of two) to form the first quotient, 
approximatmg to the quotient sought , that first quotient is divided by a convement divisor, for 
foimation of a second quotient (additive to or subtractive fiom the fiitt quotient) to pioduco 
a nearer approximation to the product sought the second quotient is'bunilaily divided to form 
a third , and so on Sometimes (instead of a divisor), a multiphei, divided by lo, loo, &c, is 
convenient Thus, a factor, by which many terms are to be multiphod, is 545094 A piocess is 
tentatively found, by which 10000000 will be converted into 545094 

I 0000000 





500000 

+ 

- At 


+ 50000 




550000 


T7T 


-5000 




545OOO 

+ 

tAt 


+ 83, ^ 




+ tl 9 




£45094 3 

— 



-i,» 


fi 45094 - 


These multipliers, + 4. + -f, -3^, once ascei tamed, can be applied to any 

number which is to be multiphed by 545094 If, for instance, wo wish to multiply 99812 by 
545094 The process is the following — 


- At 

sta 

99812 

4990 6 

- At 

set 

499 1 1 

■ At 


5489 f 
-49.9 

tAt 


5439 . 8 

+ 18 



+ I 



5441 


If we had to peifoim the opposite process, to divide by 545094 (instead of multiplymg) the 
immediate operation would have been to convert 545094 into 10000000 (instead of conveitmg 

10000000 into 545094,), and the method of obtaining a lesult would have been exactly 
similai ^ 


c 
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This method has been employed for the pimcipal part of the multiplications which 

In aol i^tLces the operaLn has been veiified by ordinary multiphcition. or by “conti^ted 

multiplication,” or (occasionally) by logarithms Moon’s co-ordinates 

We proceed now with the prepantion of the new expiessions for the Moon s co-ordinates, 

including (wheie necessaiy) the apphcation of the piocesses for multiplication 

For Equatoreal ParaJlax, Delaunay’s senes is slightly modified to produce Sme 
and it becomes 34aa" 7 + tarns with othei arguments It is convement to divide the 
entire series by 34=^* that the co-efficient of the first teim will b^ i 00000^0 ^ This is 

done bv the process descnbed above, using the multipliers, J - 7 " tit. tu 

ThiTsenes of lesulte for Assumed Parallax, deprived of its first term x oooocoo is given in 

Oolmmidlh 6 lonowmgTiUe,(SectionlI,Pi«rt 2 '| In wcceeiog orations ttese nnnl»^ 

I Me cled by the gencal ^bol g witb the “Beference &. AignmMit as Mibsa.pt. 

tlius ^ 54*5^95 » fi^s ^ 4 “ 99^ ^3 a 

The square of g - i) is then formed by multiplying every tarn of - i) (Column i just 

found) by evay term of the same series The process of multiphcation descnbed above 01 any 
equivale 4 process, is to be used throughout for multiplication of the numoiical co-cffiaente 
Roi multiphcation of the penodical terms, it is nece&swy to observ^that owry suboidimte 
product here may be represented as 2? cos fifl x cos \ ^\yO^ P i co^ [nj cos |^1 opio uc 
of cos iTTl cos |T| IS endently i cos [n“=rri -h 4 cos In + * 1 , producing ar^ments whic i aio 
different from those of the two factors (In subsequent combinations, similai considerations 
apply to the products of sines by sines, 01 sines by cosmes ) All the co efficients of each now 

argument, by whatever multiphcation produced, must bo collected and a c ge 01, wi 

former co-effiaents of the same argument, if such exist In some instances it is necessary 
collect more than ten such co-efficients, produced by different multiphcations 

The senes for - i)», bemg thus formed, is multiphed in the same manner by the senes 

foi _ i"! to form — 1^ , by another similar multiplication — 1] ‘ i‘> loimed, and so on 

Then, by apphcation of the bmonual theorem, the values of or x^ ^ aio forme 

for different values of k Thus aU numbers are prepared as far as Column 8 


For formation of sin iT) and powers of cos llj, the first step is to convert Delaunays value 
of the Moon’s latitude 1 , expressed m seconds, mto terms of the new secondary umt Since 
100000" = 04848137, it was necessaiy to find successive factors for converting 100000 
mto 4848x37 The adopted factors are — — t^> "W’ + “i complete tia^ 

formed senes for 1 is contamed in Section H , Pait 3 . Column h , its terms are cited by the 
general symbol fe with the “Reference for Argument” as subsenpt, thus = - 1 - 8950*7, 
+ 48978, &c The senes for 1 being thus obtamed, the successive senes foifahe powers 

of 1 are obtamed in the same manner as those for the powers of , and then the seines 

for sm I’ll and for the powers of cos \\\ are found from the ordmary formulae 1 - 7-^ 
+ ^ ^ ^ ^ and I - i -t- powers of the latter The senes for sm |T 1 is given 

m Column *7, and those forces 11 | and {cos [Ij }* in Columns xi and la 
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Foi ^ cos |1 1 , every term of the senes for ^ is multiplied by eveiy term of the senes for 
cos |T| , and foi cos |1| j* , every term of ^ cos |1| is multiplied by eveiy teim of the 
same senes, exactly as m the opeiations for — ij 

In Delaunay s expression for the longitude 'y, the co-eflScient of every term is expressed m 
seconds of arc For oui purposes, these co-efficients are conveited into multiples of oui 
secondary unit, m the same manner as the co-efficients in the expression for latitude, above 
These converted co-efficients are contained in Column 15, and are cited by the symbols 1 }^ A3, 
&c 

do 

To foim jjij. Section II, Part 2, Column 16, the following considerations are necessaiy If 
one teim of v sm |n|, p being a numeral, ^ foi that term will =p cos ln| ^ 

— l) cos |n| X ^ Moon 8 me^ longitude ^ ^ Now, as has been mentioned m 

Section I, it IS convenient to adopt as the umt of time “the Moon's mean peiiodie tune divided 
by 2*^^* (Its value is very neaily ^ of a Julian yeai ) In that unit of time the mean angle 

described by the Moon is = _ j customary, we expie&s the Moon's 

mean longitude from a certain epoch by the formula nt (a formula which will be occasionally 
used hereafter), the last equation becomes n x unit of time (or ot x i) = unit of angle (or i) 

and thorofoie n 1 Therefore longitude _ ^ ^ regaids the term before 

U 9 , becomes = j? cog [nl ^ longitude n is. in every instance, Kqiressed by the 

sum of multiples (different for every term represented hy n) of the fom angles (eadi of them 
a simple multiple of t) on vhieh the lunar inequalities depend, namely, — 

jD = Moon’s mean longitude — Sun’s mean longitude = + o 95151987 x t , 

f = Moan argument of Moon’s latitude = + 1 0040219 x t , 

I = Moon’s mean anomaly = + 0 9915480 x t , 

8 = Sun's mean anomaly = + o 0748005 x t 

(Theso numbers weie formed fiom Damoiseau’s Tables , the Moon’s sidereal mean motio n 
hemg used as divisor, instead of the tropical mean motion in those Tables) 

Suppose then Ti = h D + e f + g I + k 8 Then m long = ^ 

+ dut io 5~ g + 0 rf M long + ^ dM m lou i > therefoie the value of J foi the teim 
p sin |n|villhei) cos |n| x 1+6x09351987 +0x10040319 +9x09915480 +/i.xo 0748005 j- 
The multipliers 6, c, q, h, are always mtegers Tables of the quantity in the large bracket are 
prepared for the different values of 6, 0, g, h, as they occur, and the computation is then 
simple 

It does not appear necessaiy to enter mto details on the methods of computing the develop- 
ments which follow these, as the prmeiples of every part are to he found m those computations 
which are already oxplamed In the differentiation of columns to form new columns (as of 

c 2 
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OolTunn aa to foini Column « 3 ). o“ly ^ ft" 

tneonometnoal differential oo-effimeat of the aino or cosmo of argument, multip y the 

diffeiential of the mgament. as defined hy the process just explained 

It mil be remark^ that the numbers obtained m Column »3 aro those required tor Equation 
TO), and those found m Column aq are the numbers required for Equation (ta) 

On the physical meaning of these terms, the foUomng notes my be offhrod 

The formula embodied in Column a3 exhibits the hist side of Equation (lo), or p X the actual 
geometiical value of the momentaiy change of the Moon's ediptrc pith from a geometrical 

tangent, as given by Delannay*s oo ordmates 1.1. i r 

^ form^ miodied m Column i8 of Seebon H. Part 2 . exhibits the hrst side of 

Equation ( 11 ). or the actual geometiicd value, as given by Delaunay’s co ordmates. ol the 

doubleMomentaiyChangeofEoliptio Aieasdesonbedby theMocm ^ ^ , , 

The formula embodied m Column aq aiiibits the first side ol Equation (la), or the actual 
geometncal value of the momeoitary depaituio of the Moon’s path horn a piano, as given by 

Delaunay s co ordmates i . • 

The numbers produced by these formula represent the Forces which are loquiiod to maintain 

the movement of the Moon in the orbit which is represented by the Assumed Oo oidinalos 2 
and L as developed m Columns i, 15. oind 94 


In respect of Notation, the following axo the prmciples adopted — 

'M'fljaaAc. axe expressed by Greek letters 

Arguments connected with the Snn are expressed Itahc capitals 

Arguments connected purely with the Moon aie expressed by Italic small loiters The 
letter 1 is adopted for the Moon’s latitude, but it nowhere enters mto arguments 

In the arguments, no two letters beanng the same pionunoiation are used 
In most iTipfn.TinAaj the arguments are inclosed m bars as j | , for deal limitation of the 
-value of the arguments 

In respect of the Order of Terms — 

Ddaunay’s terms of parallax are arranged m descending order of magmtudo of co-oftioientB 
This order, which then naturally applies to powers of ^ is adopted for those terms, and those 
-which rise immediately from them, to the end of the Tables 

Ddflunay’s of longitude ore arranged m the same oidei as those of parallax 
Ddaunay’s terms of latitude (whose aigumonts are, necessarily, different fro** those of 
parallax) axe oiranged m dnsn^ndin g order of magnitude, and oaloulakons connected with them 
axe preserved m -this order throughout 

An Index is prepared, to be placed at the end of the work, exhibitmg the oonnexion between 
^; ^^naA orders and on order based upon the sunplest arrangement of the subordinate portions of 
the arguments 


Section II, Part 1 — ^fobmation op orbital quantities 
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In lespeot of the eontents of Section II, Paifcs (2) and (3) — 

The Developments in Pait (2) lolate eiclusively to the Equations (lo) and (ii), which apply 
to motion parallel to the plane of the ecliptic , and the Developments m Part (3) lelate to 
Equation (la), which apphes to motion noimal to the plane of the ecliptic With this difTeience 
of subjects., there is also a diffeience in the foim of the arguments, wbroh has led to the distinc- 
tron denoted by the expressions Oidei A and Order B The distingurshmg circumstaupe is the 
following In Part (2), Order A, many of the arguments contain oven multiples of f, but none 
contains / or an odd multiple of / In Part (3), Order B, every argument oontams/ or an odd 
multiple of y, but no one contains an even multiple off * 

In respect of the number of decimals retamod — 

It was mtended from the first to make every result of calculations accurate, except from 
unavoidable accumulation of errors, to 10“^ On proceeding with the computations, it was 
found that, from causes winch at fust could bo only partially foreseen, errors in the pnmaiy 
calculations would produce much laigei errors in the results To remedy this, the calculations 
of cortam terms have been extended to 10“^ or 10"® This wdl explain the mequahfy of decimal 
extension that may bo remarked in some parts of the columns 



NUMERICAL LUNAR THEORY. 


SECTION n. PART 2. 

ORBITAL QBANTTriES PARALLEL TO THE PLANE 

OE THE ECLIPTIC. 


Columns 1 to 23 
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NUMERICAL LUNAR THEORY 


MbMOBANSTTU 


In explanation of the long sheets pp 26 to 39, tho following account is oHoied 
The first Columns (Reference, Aigument, Movement oi Aigument,) appeal suRioiently cloai 
To each expiession in the Column headed Aigument,” all the numbers m tho samo hou/ontol 
line ate intended tolapidy 

The numbers in thb Columns No i. No 9, No 15, No 24, are all denvod fiom Delaunay’s 
“Expiession Numenque,” attached to the Oormomcmee des Tempi, i860, Appondix., pagoi 
11-21, 21—29, 30-32, the numbeis bemg ilteied here m the piopoition 342% 7000 to J 0000000 
(the leading numbeis foi paiallax, on the two systems oi numoiical expression) Theso aiu used 
to fimn the numbeis m Columns 19, 21, m, whose sum (withpiopei rogaid to signs), 111 
Column 23, doses the dieets of Sedaon II , Fact 2, Column 29, in hko mtinnei, giviiig the 

condusion of Section 11, Fart 3 It appears that the terms multiphed by and also tliosL 

depending on the various powers of ^ m the Solai Qravitational Foices, are already included by 

Delaunay in the "Expiessions” mted above, and therefore no addition is to bo inodo fbr the at 
terms in their simple form But, refemng to the mass of tho Moon (yet nndoioiminod) by 
which all these teims are to be modified, these cxpiossions are to be multiphod syiiibolically 
by a CO efficient M^ 01 x + t M, dififeiing httle horn x Sections JJl and IV will bo duoolcd 
to then computation, and their lesults will bo mtroduced in Section VI 
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NUMERICAL LUNAR THEORY. 


SECTION n PART 8. 

OBBHAL QUANTITIES NORMAL TO THE PLANE 

OP THE ECLIPTIC 


OoiiUMNS 24 TO 29 
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NDMBBIOAL LOTAE THEORY 


rEBMS DEVELOPED AED CO EFFICIENTS TO BE USED AS MULTIPLIERS OF THE SINES OF THE 




ARGUMENTS IN THE SAME LINE 
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Section II , Pabt 3 — oebitaii quanttheb noemal to the bomptio 


TERMS DEVELOPED AJND CO EEEIOIENTS TO BE USED AS MULTIPLIERS OP THE SINES OF THE 

ARGUMENTS IN THE SAME LINE 
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NTTMBBIOAIj ltjnae theory 


TEEMS DEVELOPED AND CO BEFICEENTS TO BE USED AS MULTIPUBES OF THE SHTBS OF Illli 

AEGUMBNTS IN THE SAJMB LINE 
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Section II , Part 3 — obbital QUANTiTiEa normal to the ecliptic 


XLEMfa DEVELOPED AND CO EFFICIENTS TO BE USED AS MULTIPLIERS OP THE SINES OF THE 

ARGUMENTS IN THE SAME LINE 


Augumhnts, 

Movdmimts of AnruMKNTS, 

And BnErnibNCi s, 
e£Mjh ipplyin^if to nil the Co efficients 
in the same nonzontal Lme 

*4 

1 

25 

(>)’ 

Reference for 
Argnment 

AnOUMBN V 

Movi MPNT of 
Aboumpnt 

111 multiple of 
Moon B Mean 
angular Motion 

Assumed 

Go efficient of 

Sme 

Co efficient 

of 

Sme 


45i 4 D- 3 /- I 

4 S» 3 D + f 

453 6 D+ f- 1 

454 D- f - S 
iS 5 zD+ 1 - 31 - Sr 

456 3 /- I- Sf 

457 3 f- 1 + S 


— o , 3028189 
+ 3 ,7796180 
+ 5 , S63666I 
-0,1536238 

— 0 , 19S0253 

+ 1 9457*71 
+ 2 ,0953183 


-8 


29 

1— 1 

I 


gsinel) 

di 


Co efficient 
of 

Sme 


Go efficient 
of 
Sme 


Co efficient 
of 
Sme 


Co efficient 
of 
Sme 












47 


1 

/ 

NUMERICAL LUNAR THEORY. 


SECTION ni. PARTS 1 AND 2. 

TERRESTRO-LUNAR GRAVITATIONAL FORCES. 


Pabx 1 — Dbvbiopmbnt op — M ^ cos * 1 = — Column 1 X Column 12, 
FOB INSBRKON IN EQUATION (10) COLUMN 30 

Past 2 -—Development op ■— M sm 1 = — Column 8 x Column 27, 
POB INSEBTION IN EQUATION (12) COLUMN 31 


[2%e wwmeneal value of M is not yet sucked ] 
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NTIMBBIOAL LTnSFAE THBOET 

TBERBSTEO-LUNAE FOEOB IN BOLEPTIO-EADmS, APPLICABLE TO 

BQFATION (10) 

SBOTION m, PAET 1 


EACH TEEM IS TO MULTIPLY THE COSINE OF THE ARGtlMhNT IN 
THE same une all aee YET TO BE MDLTIPLILD BY M 




-!(„!)■ 







Go afficient of 


Goflme 1 

- 995974 ® 0 

— 

541807 96 


99 i 5 S ,5 

84348 

— 

* 9771 , 8 


9135 

— 

5559 

— 

4313 9 

— 

3 o 58 4 

+ 

1715 5 

+ 

3634 4 

+ 
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z 85 ft 

— 

i 5 i 4 

+ 

1339,9s 

+ 

1099 

+ 
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— 
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+ 

83 o 0 

— 

8x4 

— 
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— 

6x6 

— 

437 3 

+ 

i 853 4 

— 

3 oi 

+ 

+ 


+ 

26S 

+ 

960 ,6 

— 

1 x 3 

+ 

ai 7,9 

— 

i 3 i ,6 


III 

+ 

1x6 

— 
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+ 

59 

— 

«3 


56 

— 

4 S 

— 

43 

+ 

9 * 

— 


— 

38,0 

+ 

371*4 

+ 

37.07 

+ 

35 8 

— 

35 

— 

998 

— 

38 

+ 

39,5 



Co efflaent of 
Coame 


— 39675 , X 

lOI 

+ 145 

102 

+ * 4 - 

io 3 

+ X 4 

104 

— XX 0 

io 5 

37,4 

106 

+ 137,0 

107 

+ 10 

108 

- *9.6 

109 

— 18 

110 

•I- 18 

III 

+ 10 

1X2 

+ 19 

1 X 3 

iS 

X14 

+ i 5 , 5 

ii 5 

— 11, X 

X16 

35 

1X7 

8 

xx8 

+ 4 ®j 4 

119 

+ 9*1 

IXO 

+ 7,9 

X 2 I 

7 

1 X 2 

8 

1 X 3 

+ 10,6 

124 

+ 6,5 

1 X 5 

x8 

1x6 

+ 26 

1X7 

— XI, 6 

128 

+ 

129 

- 6 

i 3 o 

5 

x 3 i 

+ 4 

x 32 

+ 5 

i 33 

- 5,0 

x 34 

+ 5 

135 

+ 4,34 

136 

5 

137 

3 5 

x 38 

8,7 

x 39 

- 3 

X40 

+ 3 

141 

+ 3 I 

142 

- S433 

143 

53 9 

*44 

4 i 8 

145 

3 

146 

+ 5,04 

*47 

— 1,8 

148 

+ 4,08 

*49 

+ I,X 

x 5 o 


Co efficient of 
OoBme 

+ 

8x , 61 

+ 

0, 10 

+ 

1,8 

- 

760 


1 

+ 

*7 


3.6 


3 

+ 

x,6 

- 

4 


45 

+ 
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X 
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1,8 


1,6 


565 


i 5 o 


II 




Co efficient ol 
Vtwmi 


So 


37 

A 


xl 

\ 

3i 

— 

54 


19 

♦ 

xo 

— 

91 

*• 

H 

t 

10 

— 

XX 

A. 

8 

*• 

3,5 

— 
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IX 
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1 
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5 

— 

9 

+ 

6 

H 

7 
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TEREESTRO-LUNAR FORCE, l^ORMAL TO ECLIPTIC, APPLICABLE 

TO EQUATION (12) 

SECTION m, PART 2 

EACH lEEM Ib ro MULflPLY THE bLNE OF IIIL AEGUMI-Nl IN THE 
SAME LINE ALL ARE YBl TO BE MULJIPLIBB BT M 


3i 3i 3i 3i 

























51 


NUMERICAL LUNAR THEORY. 


SECTION IV. PART 1. 

FORMATION OF SOLAR GRAVITATIONAL FORCES. 


ALGHBRAIOAL INVESTIGI-ATION 



S2 


NUMBEIOAL LUNAR THEORY 


SamoNlV Pabt I -Formation op Solar Qravitationai Forces Ai&Lrau.T(’Ar 

iNVRSnGATION 

It w oon^enieat to laegin with an mvestigAtioii of the relaUve motion-foicos wliioli ilu‘ 
reciprocal attractians, of the Sun on the one part, and the syetom of the Eoath and Moon on 
the other part,proance on the leLatrve movement of the center of giavily of tho PjOiith and 
Mood. gu 3 referred to the Sun 

Use (as befoie) o-, c, ^ fen the masses of the Sun, Eaith, and Moon, consideied ns pioiioitional 
to the motion-foice which then attractions produce at distance i , put JJ, loi the Ic n^ili oJ tho 
Earths radius-vectoi lefeired to the Sun, foi that of the Moon, J? foi tliat of Uio ccntei of 
giavity of the Earth and Moon similarly refeired Also put W toi tho lonfptude of tho pio- 
jection of It upon an mvaciahle plane (as the ecliptio of 1900) measmed hoiu an invai lablo 
radius m that plane (as that of the first pomt of Anes m 1900), tho moasuie ofc tho lino boing 
snppoeed to hegm from the Sun, and put 7 =W± t8o® for tho longitude of tho Homo 
projection, if the measure of the Ime is supposed to begm from the luno-tciioskial contt'i of 
gravity as m other parts of the Lunar Theoiy And use r, for the Eaith’s radius vectox 
referred to the center of giavity of the Earth and Moon, 1 ,, foi tho Moon’s 1 adius-voctoi fi onx 
the center of gravity hut m the opposite direotiou, 1 for the Moon s ladius- voc tot from 
the earth m the same directioa as (so that, assuming the attraotivo miss ol each body to bo 

proportional to its statical weight, r, = r, + = r), v foi tho longitude of its 

projection upon the mvaimhle plane , 1 for its northern latitude In this fust mvt stigaiion, 
however, we shall neglect the latitude, and nluJl limit tho approximation to Uu soooixd powoi 

ofB 

Besdvmg all attraohoDB mto the duectioii of B (from the cental of gravity ol Eai th onrl 
Moon towards the Sun), and at right angles to B (aooeleiating tho angular movomoxii in tho 
direction of v), and lemarlmig the properties of the center of gravity , we find foi tlio motion- 
fiirce produced 1^ the Snn, actmg on the center of gravity of the Earth and Moon, 

In the direction of E t x -f— ^ 5 ±J> 

Lithe direction transverse to x -f— *’* TlV a*-"”], ” - yi ]. 

And we find that the motion-fiiice produced by the action of tho Earth and Moon upon, tho 
Sun, m the same directuoiB, is represented by the same foimulse with the aartnr ru^l multipbor 
— • (e + /i) instead of <r for each term Suhtraoting the mokon-foice on the Sun from tliat on 
the center of giavify of Earth and Moon, we find for the relative motion-forco on that centor of 
graviiy, as referred to the Sun, 

In the direction ot E y + «-i-|i. j R-t, cog !»- wi . „ J! + r,,, oos 

• + it 1.« TO 'I 

t« am |o - TTl , am |o - IVIl 

(3K5* / 


In the direction transverse to E , 

’ • + M. I® 


Section IV Pabt 1 — eoemation oe solab GrBAViTATioNAii torces 

iiGBBRAIOAL INYESTI&ATION 
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And i?*- cj-Rn cos \v^ W\ + (n)% and (B^)" = -R^ + aBr^ cos \v^W\ + 

Performing the various operations required for the formulee of the relative motion-force, and 

remarking that e (P expiessions for the foices hecome^ 

In the direction of iJ ^l±Jf;{n- ^ (2 cos * } , 

In the tiansversal direction, ^ 3 sinli;— Tf| oosl-o— PT] 

( 2 )' = ^ = The terms mnltiphed by this can 

nevoi bo sensible in the Lunai Theory, as pioducing such a change m the Sun^s relative place 
as to affect sensibly the disturbances of the Moon , it is probable that they will nevei bo sensible 
even m the apparent place of the Sun And we may assume that tho " center of gravity of the 
Barth and Moon ” moves, and attracts Sun and Planets, as a Planet would do in the same 
place 


Wo may now proceed with the motion-force, produced by the attraction of the Sun, and 
distuibmg the movement of tho Moon lelativo to tho Earth The lost mvestigation shows that 
tho point which is defined in tho fast instance by the Solar Tables is the center of gravity of 
tho Bartli and Moon, and oui algebraic expansions wiU bo made with leferonce to that 
consideration 

In tho following rectangular co-ox dinatos, wo shall consider x as parallel to the invariable 
radius above mentioned, y as poipendiculai to 05 in the samo mvanablo plane, and z as perpen 
dicular to that plane (Tho position of tho origin of these co ordinates is unnnporiant, but it 
must be conceived as a fixed point ) And a value will bo attributed to z as defining the Sun's 
place, ill oidci to take into account tho change in tho position of the Sun produced by the 
action of oxtemal planets, and exhibiting its ollcot in a change of tho echptio, this value, 

howovoi, being so small that its squxio may be neglected, and that no factoi smaller than g can 

be requuod 

Use y^n foi rectangular co ordmates of tho Sun , 

Baifch , 

„ of the Moon, 

Ha center of giavity of the Earth and Moon 

The Sun's motion-force on tho Moon m the dn ection x is » that in y is 

that m « 19 

But = - osg) - (aSf, - oBg) = (®1, - ^ (®^ - <x>.), 

— R COS F — — fr » cos 1 cos V , 

- rn: ’’ ^ 
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NTJMERICAL LITNAK THEORY 


W = C®, - + {y. - y^y' + - z^f 

= cos 1 oo-. jT^T] + (^)® + sml 

C^ = J^{^ + "rni S oos 1 oos \v-V\ + {^y 


+ a s sm 1 




■which will be thus arranged m poweis of ^ , 


ijsX 


+ s rr^ ^ (-3 cos 1 cos ft; - T |) 

-*-(5 rf]:)* X (“I + cosSl-y - F|) 

+ 6 r^)* >< (+ T ^ cos I _ F I - ^ cos® 1 cos® \v - r\) 
+ 5 rn;-(-3sml 


And, for the Sun s motioii-forco on the Moon in x, we must multiply t.>nn ty 


(T X (— iJ cos F — 9 ^ cos 1 cos v), or 

’ — cos V 

.“S COS 1 cos V 


(T -B X 


In like monner, for the motion foice on the Moon in y, we must multiply the development 
Above by 


r — Bin F 

[_ J1 6 + M. 00s 1 


sin V 


CaU these products Z and T Then the lunar portion of Echptic Radial Foice, as used in 
Section I,iflX x(+ooB‘!;) + Fx(+sin'u), and that of Echptic Transversal Force is 
Xx(— sm‘y)4- F x (+cos'!;) Substituting, we obtain — 


For lunai portion of Echptic Radial Force, 
f — cos I v — F I "I 

(T B X ■< , t n r X development above , 

i-R rn:: COS 1 J 

For lunar portion of Echptic Transversal Force, 
o-Bx |+sin|?; — Fjj- x development above 


Section IV Past 1 — formation of so jab qeavitational forces 

ALGEBRAICAL mVESTIGATION 


55 


PeifoiRung the multiplicataons of the senes, we obtain — 

For lunar portion of Ediptie Radial Foice, 


r X ^ 


— COB |i; — Fj 

(a rfn) X {—COS 1 + 3 COS 1 cos® |i; — F| ]■ 

+ & T^) X { + I COB Iv- F I + 3 cos ®1 cos \v-V\ - ^ cos®l cos»|i;-F| } 

+ (a rh:)*x { + 1 cos 1 - *^cos 1 cos® \v-V \ -^oosSl„cos® [v-F|'l 

+ ^ cos ® 1 cos * \v — V\ j- j 

, + (a rn:) x { + 3 sm i cos \v-t\ 


For lunar portion oi Ecliptic Transversal Foice, 


/fa X 


r- 


+ Sin 

-FI 



+ 

fe 

r^) ^ 

« \ 9 ! 

{ - 3 cos 1 

sm 1?; — F 1 cos 

RTT-i} 

+ 

(5 

rm) X 

|-^sm \v 

- F| + ‘/oos®l 

sm \v — F| 


(i 


{ + ■7' cos 1 

sm 1 u — F 1 cos 

\v-r\ 



- cos 

* 1 sin |v — 

F^ cos ’ ]v — F 1 

} 

+ 

V, 

(i 

rfii) + 

{ — 3 Bin 1 



cos’ 




For the lunar disturbance Normal to the Ediptic piano, we have merely to multiply the same 
development by <7- JB x { — 7:^®* sm 1 — (2> — »,)]■ Thus we have, 


(T 

m X 


For lunar portion of FoTce Noimal to Echptic, 

+ (5 its) X {-sml} 

+ 7 ^^ X {+ 3 Bin 1 COB 1 cos \v-V \ } 

+ (s 7:^)* X { + I sin 1 - ^ sm 1 cos® 1 cos®[i;- F| } 


{Zg gpr) 

R 


+ & 7^ X {+ 3COS 1 cos \v-Y\ 


Tho torrcstiial portions of these forces will he found by substituting — /jl for e m the numoiator 
of every fraction Then, for their final values, the terrestrial portions are to he subtiacted fiom 
the lunar portions 



8 NUMEEIOAL LTJNAE THEORY 

The coefficients axe thus changed 

The teiiiia independent of vanish 
JTj: “ changed to ^ or i 
(^)‘‘ IS changed to ^ or 
(^)’ IS changed to 

And thus yre find — 

, Foi final valne of Echptic T^i «.1 Force, 

"+(5)^{”C06l + 3cosl cos® \v — V\ ]• 

+ (5)" rrS ^ { + ;C 03 \v—Y\ + 3co6*l cos \v — V\ — *Acos®l oob? |v — 7 | ]■ 

■ + ©* ^ ^ coi,»|i;-7| -^coB®! COB* \v^V\ 

+ jCOS^l COB* |tl — F| j- 

, + (5) X { + 3 1 cos \v-V\ 


For final value of Bdiptic Transver&al Force, 

^ + {:r)x{-3C081 bin \v— V\ cos |v — V\ } 

+ ffi* TF^x {-|un |v-7[ +ycobl sm jv- 7| 008*1^^ 
^ X -j + ^ 5; (TTio^ X •[ -f- f cos 1 am \v-Y\ cob [v - 7| [ 

— ^C 08 *l am |i> — 7| cos* |v — 7l} j 

^ + 5 X { — 3 Bml em |« — 7| 


For final value of Force Normal to Bdiptic, 

+ (5) X ■[ — sm 1 j- 

+ (s)" 7^ x{-|-3sml cosl cos |v- 7 | } 

+ ( 5 )* + C0B*1 coB^F^n} 

+ 5x{+3Cos 1 cos it; — 7 | 


On lefemng to the EqnationB (10), (11), (is), and other ezpreasianB m Seotoon I, it will be 
Been that we are to nse the Eoliptio, Radial, and Transversal Forces as multiphed eacb by 

2 ' COB 1 , bat the Force Hoimal to the Echptic as multiphed only by ^ Introdncmg th ese 


Section TV Paht 1 — solae forces algebraical investigation 
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multipliers, and slightly alteimg the £oim of the ovpieasions, A heing put foi the Sun’s TnoR U 
distance from the center of giavity of the Laith and Moon, we obtain the followmg — 

Foi ^ 1 cos 1 X Ecliptic Radial Poico, 


+ 


ra 

X (;)■ X { 

r cr u 
UP A 

fi-a x(|‘(i)’x| 

[3^(3) 

c*H M\B /7\4 I 

(•TTIpJ ^ \jr} W j 


X (3)‘ & X { 


+ 5 cos 1 cos \v — V\ + 3 cos ® 1 cos \v ~ Fj 


— cos ’ 1 cos ’ 1 V — F| 

+ 1 cos ^ 1 — ^ cos ^ 1 cos ® \v — F), 

— iSeos^l co3^|v — F|+^ cdt 


} 

' —I 

M cos^|i;-FlJ 




Foi ^ ^ cos 1 X Eohptio Tiansvorsal Force, 

X X { — 3 cos®l sm In — F| cos |i; — F| } 


IS 


+ [fi 3 if 13 >* ( 3 )* fe)’ X 

^ 05 

+ [x.] 


I cos 1 sm 1« -- F| 


cos’ 1 sm — F| cos® 




4 - -- COS ® 1 sm \v — F| cos \v ~V\' 


sm j-y — 1^1 cos ® I V — F| 
^ (iY 6 )** X { - 3 sm 1 cos 1 sm jv- “F^l 



Fo.: 

X 

Force ! 

+ [a'] 

X (i)‘ 

G) 

X { 

r<r a 

L-^ * ^ 6 H M* J 

X G!)‘ 

G) 

■x{ 

r <y / ay + M**" 

X 

Cl 

G) 

'x{ 

+[;] 

x( 3 )‘ 

is) 

x{ 


For the present, we shall make no uso of the term 1 it will, however, be used m a 


future Section 


The first step necessary for rendering these forrauLe apphoable to furthei investigations is, to 
ascertam the nnmonoal values of the constant factors ^ and (J+^ 

Let T be the poiiodic time of the Moon round the Earth, as disturbed , T the peiiodio tune 
of the center of gravity round the Sun Then, by the ordinary formulae of circular motion. 


, ^ 4iiS AS 

«■ + * + /*= Js — , 


1 
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NUMEMCAL LUNAE THEORY 


Bpiid in. the application of tins, m the piesent instance, the units of tune and lineai measnie 
must be the same foi the Sun as for the Moon Now, in page lo, the unit of time is assumed 

to be “the Moon's periodic tune divided by « oi, m the notation above, Therefore, 
^ = i,andtr + e + ;* = I^ 

Also, on the same page, puttmg M for a numbei at piesent undeteimuied, but not diflfermg 
greatly from 1 , and using the same unit of tune, 

6 + ^ = a’ (M + SJIf) 

Therefoie — 


|i + ^(M+8M) = ^ 

The second term, which neaily = — ^ ^ ^ is insensible 

Therefoie — 


^ „ .3_ ^ / Bidereal movemeiit of the Stm m 30 days \ 2 
\8idereal movement of the Moon in 30 days/ 

Taking the tropical movements for 30 days from Delambre’s and Burg’s Tables lespectively 
and correcting them by — 4" ^ for precession, the last equation becomes — 

o- [ 106443 7 \2 

A* = li^ o46 6 ) = ° 005595234 

This value, in fact, depends only on the length of the Solar Year And therefore, in each of 
the expressions foi Forces, the first hne is independent of a and A, but the values of the 
succeeding hues depend on (;|)^ &c 

And, assuming the Sun’s Mean Parallax to be 8" 91, and the Moon’s Mean Parallax 34*2" a 

Foi the third factor, + assumed = 1 without sensible error 

Thus, finall} we obtain, — 


First factor = o oo55g5jz35 , 
Second factor = o 0000142^1^, 
Thud factoi = o 000000038 


The next step is, to give numerical and tngonometiical values to the terms (5)®, 

From Le Vomer’s Annalea, tome IV , page 54, expressmg the co-effiaente (ae m Section H ) 
by multiples of the unit 10-’, and puttmg R = 1 0001406 x R', ^ 

^ = 1 — 167671 cos 18^1 — 1406 cos |T^~i 8 cos 

and I -3- = + 167671 cos + 1406 cos [Jg] + 18 cos IJS], 

from which — 

~ z)* = + 140*5 + 24 cos f^l + 1406 cos ]TS| + 34 cos 
(^~z) ~ +3® cos |£f| 4. lu cog 1 2 flf| 


Section IV Part 1 — solar forces parallel to the ecliptic 6‘ 

ALGEBRAICAL INVESTIGATION 

It ■Will be sufficient to give here the expressions for ^ and * 

The first is — • 

+ tooooooo + (l - f ) + (i - jy + (l _ f )». 

and the second is — 

+ looooooo + 3 (i _ + 6 (i - + 10 (i _ J)"* 

Substituting fi^om the formulas just found, ’ 

57 = + I 0001406 + 167731 cos \ 8 \ + uSii cos |7^| + ^ cos ra 

/ 4\3 ' ” 

wl = + 10008436 + 503517 cos \S\ + 1*654 cos |afif|+ 318 cos fj^l 

By multiphcations of these series with each othei and with the vanous senes ±01 powers 
of i m Soobon D, tto fc (^)> x (l) , s» fonaod Thoo, for (^)“ ttc. losolte 

bo m«lbpl.cd by (i)' = o 9595,8 . &. (|)‘, by ©‘ = 099943,, «» (j)'. by ©‘ 
= 0999297 ' ' 


The third step is the pr ocess foi fonnmg tho complicated terms m brackets depending on 
powers of sm 1. cos 1, sin |^ - F| , and cos \^r:rr\ It will be remembeied that the powers 
0 sines and cosmes of - F[ can sometimes be expressed moio conveniently by simnle smes 
and cosmos of the multiples of l-u — F| 

Now V — mean longitude of tho Moon + a senes of toims, 

= mean longitude of the Moon + 

(whole ^ 18 tho senes of terms in Column 15 of Section II) 

V = mean longitude of the Sun + 180° + a senes of terms, 
c= mean longitude of the Sun + 180® + $, 

(whore Q is the Sun’s equation of the center, whidi, as given by Le Veiner m 
A'lmaies, tome IV, p loa, = 

+ 6918" 310 sm [51 + 7a" 508 sin + I" 054 sm ij5], 
and m oui notation, 

= + 335409 1^1 +3515 |»^| +50 sm I3 5|) 

V ~V ^ mean longitude of the Moon — mean longitude of the Sun + 180® + (^—&) 

= B + i8o® + (5'-fl) 
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And — 


amlv— TF"! =— sml«— F| = 
cos [-y— TTl = — cos [-y— F| = 


cos|^-d| -cosfD'l sin 

-cos P i cosp^l +smpl sm K-d], 


sm |a('y— F)| = + sm \s,(v—V)\ = + sm |ai)| cos |a(?'— fl)l + cos |2i)| sm|2(^— d)l, 
cos I a {v— IV) I = + cos I a (y — F) | = + cos 1 2 J 5 1 cos 1 2 (? fl)l “ I ® 1 1 ® (?“d) [ > 

— sin I3 D\ cos IsC?— 6)1 — cos I3DI sm 


sm l3('y— TF)! = — sm I3 (v— F)| = 
cos IsCii— F)1 =-— cos |3 (“«— F)| = 
sm \ A(y— IF) I = + am 1 4 (y— V ) | =- 


-C0SI3DI cos |3(?-6)| + I3DI sm|3(?-0)l, 

+ Bm]4!Dl cos | 4 (^- 6)1 + <»'’ U-^l ^ U (?-&)!> 
COS | 4 ('y— IF) I = + cos l4('y“"F)| = + cos l 4 dJ| cos l 4 (?“ 6 )l “ ^m | 4 '^| | 4 (?” 6 )| 


A t>< 1, putting (for convenience) x — $), 

cos 1^1 =i ~J^Z^ 

Bin = X ~"S^ + 

cosra = i - 2 X* +iX‘ -ix' 

BmlJxl= ax 

co6l3Xl = -' — fx® +8^^‘ ~loZ'^> 

8uili^l= sx -Ix^ +%x’^> 

006 \4X\ = I - 8 X® + - 45^ X°> 

sin| 47 |= 4X -fx® 

By substitution of tbe values of x 01 (?— ^)> uiferred from Le Veiner and from Column 1 5, 
m the last formulae , and substitution of the values so found m the piecedmg expressions foi 
Bin I'll — F|, &c , and substitution of the last-mentioned terms, and of sm | 1 |, cos llj, &c from 
the Tables of Section 11 , m the multiples of the Three Forces , and applying the functions 

of 5 and ^ "With their proper factors , the solar terms for the s« cond side of the equations of 
Section I are formed 


Praotioally, the expressions have been used m a form eqmvalent to the following — 


For i 5 cos 1 X Echptic Radial Force, 

-t- 27976,17 X (s)* {If X COB *1 X { 4- I -I- 3 cos j 2 (y - V) \ } 

- 53.30 X (5)* (5)® X cos »1 X { + 7 cos |v-Fl + 5 cos l3 (v-F)| } 

-1- 213,10 X (5)^ Q® X COB 1 X { + cos Iv-Fj } 

+ 0,12 X ( 5 )® (0* X cos^l X { -F 9 -J- 16 cos |2(d-F)1 -1- 7 COB f 4 (t> — F)| } 

— 0,10 X (5)® ( 5 )* X co3*l X { -I- 9 -t- 15 cos [a (d — F) j } 


Section IV Part 1 — solar forces pa r allel to the ecliptic 

ALOEBRAICAL INVESTIGATION 
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Poi ^ ^ cos 1 X Bdiptio Transversal Force, 

- 83948,51 X (iy {-^y X cos®! X { + sm la(v-TOI } 

+ 466,50 X (5)“ (5)’ X cos’l X { + sm 1 « - 71 + sin I3 (^>- 7 )| } 

- 413,10 X (^)‘ (y’ X cos 1 X { + sm } 

-0,83 X (5)* X cos*l X {+4sm 1 4 (v-V) 1 + sm |4(i;-F)l} 

+ 1,44 X (^)'‘ (s)** X cos®l X {4- fain l 4 (v- 101} » 

* 

Foi j X Force Noimal to Ecliptic, 

-5595a , 34 X (5)’ (5) 1 ^ 

+ 446,40 X (j)* (5)“ X cos 1 sm 1 X {+ cos |v-Fl} 

- 1,44 X (5)® (5)’ X cosH sm 1 X {i + cofa la (v - 7 ) 1 } 

+ °.57 X (^)* (5)’ X sm 1 X { + 1} 

By application ot those formiiUe, the follovrmg tables are formed 

The commas here and m the columns of tbe tables occupy the same place as m the columns 
of Sections n and m 



I 


I 


I 

y 

I 


I 



If 

5 
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NUMERICAL LUNAR THEORY. 




SECTION IV. PARTS 2 AND 8. 

SOLAR GRAVITATIONAL FORCES. 


Pabgj 2 — NtnwBRiOAL Development op Solae Q-eavitational Poacraa in the Plane op 
EoLrmo, pok insertion in Equations (10) and (11) , 

From No 1 to No 15, Detailbd Eesuke op evert Step , 

For the rdmaininq Nos , Final Results only 

Columns 32 to 68 


Part 3— -Numerical Development op Solar Gravitational Forces Normal to the 
Plane op Ecliptic, por insertion in Equation (12) , 

Detailed Result op evert Step 
Columns 69 to 72 
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NTJMIEIOAL LirtTAR THEORY 


Section IV , Pant 2 — contmued solae eorce, paeallbIi to the ecliptic, incleding bbbelts only, 

POB ALL ABOEMENTS 
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Section 17 Paet 3 —solar force normal to the eoliptio for all arguments 
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AaGtIMHNT 


301 / 

302 / + ^ 

3 0 3 f-i 

304 ZX> - f 

305 a i? + / - I 

3 0 6 Z 

307 ftX) + / 

3 0 8 / + aZ 

309 a i> — / + Z 

310 f^zl 
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Fust Term 
TJmt =s 10“^ 


- i38 
+ 408 

- i8S,9 

- 3o 

- 66 

— 10 

6 

6 


71 

Second and 


308 / + »Z 

309 a i> — / + Z 

310 /-aZ 

3,1 aZ> - /• - 5f 

3 x 2 a D — /-2 Z — 3 

313 a-D + /+ Z - , 

314 ai>- / h , 

3 15 ai> H /- Z- ,Sf - 

316 aJ3 + / - ^ « , 

317 aU — /- Z— .S^ ^ 5 

318 4-D" ^ - I 

319 y*+ z-f- ^ 

3ao X + jS _ ia 4 j 

3aa /— Z+ fif ^ 12 

3a3 ^ + I 

324 /+ Z+ Sf ^ 3 


/- z- s + 


^ Second and m ^ -1 j* 

Ajigumuit ItatTeim (Murd) , 

Tdrms -Biquatioii (la ) 


3*7 JO- f 


- 1*7 , 8 

+ a 



5oi3,a7 

- 

i 38 


408 

- 

i 83,8 

— 

3 o 

- 

66 

“ 

10 

“ 

6 

- 

5 

+ 

5 >r 

— 

i 3,9 

- 

a , 6 

- 

I 

- 

1,2 


2 

— 

X 

- 

S 

- 

I 

- 

4 - 

— 

1 * 4 » 7 

+ 

12 

- 

18 

- 

3 

+ 

8 

- 

127,8 

+ 

20 


3/- / 
aD-3/ 

ai> + /_ i+ S 
j a-D + f—zl 
aJD- /_ i+ 5 
aJO- / -aS 

+ /+ / 
i?- /+ Z 
D- f- I 

30 - f 

f-2l- S 
f —a Z 4* 5 

f- I 

2D — f +28 

f -28 
f +28 

2D- f-2l+ 8 
n + f - 1 + 8 
D- f+ 1 + 8 
D- f- 1 + 8 

D- f -8 

D+ f -8 
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NUMERIOAL LTJNAB THEORY 


It may be instraofcivQ here to ezamme the relation ‘whioh must oust between-— the movo- 
ment of a body in a abghtly difttnrbed mioiilar orbit round a center of attraction— »UD(i the 
jbicea, radial and fan gB-ntmlj which act on that Hmall body We will put E for the mass of the 
body or its attractiTe acoderatmg^force at distonoe its force at distance t , nt the 

Tnnn.Ti nn gniiu motion lu the tuno t ) T — d {x + 2 ^ 008 pt^ j V the angle desonbod round the 
center = ^ + aB sin pt, where p may be any numbei !nie multiple a is introducod only to 
avoid mmy fiaotioiis^ The mvestig^tions aie earned only to the first powers of A and B 

First Investigation of ilhe forces neoessaiily corresponding with the geometrical assumptionSf 
coBV = cos^ — aB sm^sm;^, smvssmnj + AB eoa nt sa pt 
x = r cos V = a {oos srf + (A + B) cos (n + jp) t + (A — B) cos (w — p) t}, 
y = r sm 0 = a {am srt + (A + B) am (w + jp) t + (A — B) sin (» — jp) t} 

Tne forces required to maintain these ordinates are, 

Force maj = ^ = o{— n? cossii — («+jpi* (A+B) cos (n + p)t 

‘-(n—p'f (A — B) 000 (m — _p) t} 

Force m y = ^ = o { — n,* am — (» + p)* (A + B) sm (n + p)i 

— (« — p)* (A — B) sin (« — p) t} 


Force m r = ' force m a x force in y = 

o { — fl? cos - (» + p)* (A + B) oos 008 {n+p)t 

— (n — p)* (A — B) COB mt oos (n — p) t + an* B sm ^ oos ^ sin 
+ o{ — n* am^ — (n + p)* (A + B) sm ^ sm (n + p) t 

— (» —py (^ - B) sm ^ sm (to — p)« — an* Bsm ^ oos sm j^}, 

= + a{-TO* — (to +p)*(A + B) ooB^- (to— p)* (A— B) oos pi 

= 0 { — TO® — [ (aro* + Sp^ A + 4 TOp B] cos p 7 } 

From this must be subtracted the ordinary gravitational force as cstimatod from tho 
central body, oorresponduig to the position of the disturbed body at that moment, or — 

0* - ■* (i - 4 -A.oos ^ As the object of our mvestigalaon is, to discover the relations of 
the small terms as distingnished fi»m the large terms, we must suppose the large terms indepen- 
dently to satisfy the equations, or {a x + to®} = |, or i? = + a® n®, and the quantity to be 
appliedis a{+ to® — 4to®A cos ^ 

This leaves for the real radial perturbational force, 

0 X { — ((Sro® + — ^np B} x cos ^ 

We shall hereafter call this quantify to® a R cos ^ 



SEcrnosT IV — jlighbraiciaii fobm op t hw thbort 


esA 


Tangential Poice = ^ x force my — ^ x force m a, = 

a{-n^ sin nt cos nt — (n pf (A - B) cos ^ sin (n +p)t 
(n- — (A B) cos nt (n — jj) t + 2,%^ B sin ^t sm pt 
+ a { + TO® sin cos TOi + (to + p)® (A 4 B) sm nt cos (n+p)f 
+ (to — p)® (A - B) sm TOi cos (to -p)t + an,® B cos Q sin ^ 

= + a{ - (to + j>)® (A + B) sm it + (to -jp)®(A - B) sm jot + 3 to®B sm it} 
We shall call this quantity to® aT sm it ' 




Second W e have therefore the two equations— 

— (dTO® + ajp®) A — B = to®R 
— 4.wp A. — 2^ B=to®T 

And from these wo fmd — 


A = r^{Jii- = T} 


B = 


tt - 




These expiessions exhibit the numoncal values of the pearturbations of elliptical elements 
A and B which will be produced by disturbing forces E and T It is particularly to be remarked, 
that both disturbances are very largo when jo is nearly equal to to, that is, when the periodic 
time of either or both disturbances is nearly the same as the periodic elhptio tune , and also, that 
the disturbances are very large when pis very small, that is, when the penodic time of the 
disturbances is very long 

Those remarks may bo borne m mmd, m estimating the effects of such forces as those m 
page 66 
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SECTION V 

VERIFICATION OF SECTIONS H, m, AND IV 

AMD 

MODIFICATION OF THE ASSUMED VALUE OF ? 



70 


NUMIRIOAL LirCTAB THBOET 


SscrcioN V — YEimoATioir op Cajocdlatioits Hi SEcnons n, m, anj> IV, asp 

liODmCATIOK OF THE ASSTTUED YaLOE OF ; 

I have eaiefolly verified the complicated calcolatians of Seotioiis IT and III, by moss 
multiplication of the prmted numhers, m duections difhniig generally from those which havi 
been used m preparing the nnmber^ and (m some instances) by xooalculation of nninbois 
Of the cross mnlkplimtionB, twelve have apphed to prmcipal terms, and three to difforcntial 
CO efficients My ezammxtion mdnded all results as &r as Argoment No 15 And I have 
found excellent agreement between the old and the new results , and I have the most pmfect 
confidence m the accuiai^ of ill the Columns 1-213 34-29 

It IS to be remsiked that the examination now described does not apply to Section lY But 
that work has been closely examined by on able supermtendent , and 1 have m^octod vanous 
portions of ik and I confide folly m its general accuracy 

The calculatioas of Section Y have been repeated m the oiigmal form, with shght vaiiation 
of elements, mid I have no doubt of their accuracy 

I now advert to a tnfiing change of numbers, the necessity foi whidi has boen suggested by 
the examination to which I have alluded 

It wiH be remarked m Equation (10) of Section I, that every term ol the oibital o\piossion 
c ontains , as factor, the quantity and the one term which repiesente the Torrostio lauiai 

Gravitational Force contains the fector ^ Poi the aniululation of terms which is rwiiuiod ioi 
prodUBmg perfect theoretical solution of the Equation, it is necsssary that^ when botli exinossions 
have been expanded m multiples of “constant,” " cos |T|,” “cos \%D-\\” te, tho co-efficients 
attadied to each separate argument m the two expressicma should destroy each othoi Now in 
a few instances, this destruction is not complete, and the imperfection is to bo oasignod to* an 
algebraical cuoumstance 

When the senes contamed in Column 1 had been adopted as expressing “ (tho quantity which 
rafers immediately to Ddaunay’s theory, and which enters mto the gravitational tmins, and 
ftom whKh [ff IS easily found) it was matter of some difficulty to denve fiom it tho senes for 

- and that for (;) (the quantity which enters into the orbital terms) The method selected was 
to express ? by 1 + (S _ i) ^T^here (? - i) is a snudl quantity of the older of cxcentwcity } 

and ( 5 )*bytte flnitesmes 1 + * (?_ i) + (f _ and to express r by the infinite senes 

I - i) + ( 5 _ i)’ „ &c, and ({)*by I - a (f _ i) + 3 (f _ ^ ^ ^ 
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Thii senes was earned to the 5th powei of - i), and mtfa this value for Q®, the numheis 

m Section II ato formed The validity of these ei-pamions was tested by fonnina the 
quantities — ” 

f X 1, which ought to equal i 

{lY ^ (£)*> which ought to equal i 

The fojmer of these conditions is sensibly satisfied, but the latter is not Omittuig some 
voiy tiifling discordances (such as will occur m computing decimal quantities by two diffeient 
methods} the product of by gives 

0 999999 ^^ + 0000035 cos [If + 0000034 cos |»D 

+ 0000030 cos I »/ — Z| + 00000^3 cos I4D — 

It appears certain that these teims have ansen fiom insufficient extension of the poweis of 
fa \ ^ 

(r - V 

Bquahty may be produced by small changes, m the expression foi or m fbf v t foi 
(y, 01 in both 

Now it 13 to bo remaiked that the senes foi 2 is not assumed as a certain and unalteiable 

senes It is oxpiessly assumed as liable to alteiation, and the entuo piimaiy object of this 
Theory is to discover what alteration ought to be 

Wo aie then at liberty to adopt eithei of the thieo systems ol change just mentioned An 
mspection of the computed columns will show that it is fai most convement that the value of 

(j) thus far used should be lotained, and that the whole diange should bo thrown on the 

expression for (^) This wdl bo done by applymg, to the last figmes of the assumed numbeis in 
Column j tho following corroctiong — 

+ 4-18 cos ITJ -- 17 cos \zD-l-iS\ ~ 15 cos - 12 cos U'D-l\ , 

and thus, m subsequent calculations, tho following numbers aie to bo used instead of those foi 
the samo Nos m Column i — 


No 



00000004 foi (; 



L+ 

1 0000004 foi 7 

No 

3 

+ 

0545077 

No 

8 

— 

4335 

No 

13 

— 

3084 

No 

14 

+ 

1S33 



The numbeis, thus modified, will be used when necossaiy in the followmg calculations And 
when, in the couise of tho Theoiy, corrections distinguished by tho symbols Jgg, Sgj, fee shall be 
found, these corrections aio to be apphed to tho numbeis modified as is shown above 
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On uniting Ik. (xniMtoa. (bond m di. DCTdapm«.to o* - Jf “ • 

_Jt ft* am I, SMlian ID. it n «bimd tka* the only adation Mqmtod to - If . f 

expressed m units of io“^ is — ^ ^ 

- 4+18 009 1+11 C09laI)-«-«l+ 15 006l»/-Il+ W imUD-l\ 

and tihat no teim va. the addition leqmied to M (®)* 3m 1 amoimt9 to oooooot 
SpeoimeiiB of two of the skeleton foims employed m these calculations are attoohed 


1 and 

COB ^ 



Section V — skeieton fobms fob calculations 
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n 
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SECTION 71 

INTESTIGfATION AND APPLICATION 01 NUMERICAL 

VALUE OF M, 

AND 

EXHIBITION OF REMAINING DISCORDANCES 
BETWEEN ORBITAL AND GRAVITATIONAL FORCES, 

OB, 

TJNCORRECTED NUMERICAL ERRORS OF THE THREE 
FUNDAMENTAL EOLATIONS. 


Columns 73 lo 77 
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SBOnON VI — ^iKTZSnaATIOIT AMD AJKPUOATIOK OF THE VALOT OF M AND EzniBITION OF 
nnr. BBMAINJNQ DiBOOBDANGES , OB, DNOOBBEOTia) NuUEBIOAli VAJDES OF THE THBBO 

j^jiirDAKEirrAL Equations 

Tn eveiy cose of orbital motion under the action of contiipetal force, theio must bo an uqua- 
tion between the mean periodic tune, the mean radius vector oi the moan pai allax, andi the 
masses of the atti^tmg bodies We have assumed tho fiist and scooiul of theso , and iho thud 
consists m the use of Equation lo, combined with or coiroboiated by Equation iz, and yro have 

thmefore the means of determunng the value of * (which wo havo called M), oi tho masses of 
the attiactmg bodies 

‘fiVfum our assumed (Delaunay's) values of tho co effioionts of the tetems m tho soiios ropioscntmg 
? V, and sme 1 (Columns 1,15, and 24) wo have (Section n , Faxt 2) formed Oolxunn 23, to bo com- 
pared with M X Column 30 + Column 64 , and (Section n Fait 3) Column 29* to bo oom|)aiod with 
M X Column 31 + Column 72 , and not only ought these equations to hold gonomlly, but they 
ought to hold specially foi eveiy term with dilS^sent arguments , and if wo employ oadi and 
every one to deteimme the value of M, the separate lesulting values for hit ought to bo piac- 
tically m accord The following statement will show the result of this compniiuon lor some of 
the terms (It is to be remarked that the numbers m Columns 64 and 72 axo oonsidorod to bo 
theoretioally conrect, and numerically acouiato) 

For Argument i, — 9960060 = M x — 99^9740 4- 26830, 

For Argument a, — J49570 s M x — 542808 — 5661 
For Argument 301, — 902822 = M x — 895367 — 5013 

The values obtained for M ace respectively i 002726, i 002021, l 002721 

Many other terms m the senes of ^ havo been tried, and havo produood rosults still moro 
irregular These uiegulanties are, m faef^ the result of apparent oirors m iho assumed 
values of ^ and 1, which wiU be seen distinctly m tho last Tablo of this Section, Columns 
74 and 77 

1 may remark that the diseoidance fbr Argument 2 would bo removed by multiplying tho 
onginal 00 effiment m Column 1 by 99977*^ ^ut the same faotox will not produce acooiclanco 
when applied to the co efficients of othei terms 

The discordance of these numbers has given me much anxiety It is ovidont tliat thoro is 

serious erroi, m the terms mamly d^endont on either m M Delaunay's calculations or in my 

own My computationa have been made mdopendenily three tamos, under cucumstanccs which 
I thought would insure their accuracy 

Viewing the magmtude of the term on which the deductions for Aignmont i aro founded, 
and the general simplicity of the mvesbgations for Arguments i and 30T as compaarod with those 
for Argument 2 , 1 have detemuned to baae my value of M entirely on Arguments 1 and 30X 
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At the same time, I thmk it desuable to leave opening foi further change I shall therefoie 
use 

M = I 0027250 + SM 

The tables which follow exhibit the result of apphcation of this element 

No change is made in the Columns 25 and 29 

In the first column of each set of paiallel columns in the following tables, applying to ediptio 
radial forces. Column 73 of teirestro-lunar gravitational force is foimed by multiplying the 
numbers of Column 30 as fai as No 50 by i 0027250 (the correction fiom Section 7” having 
been intioducod) lesoiving the multiple of SM foi a following column , the solar gravitational 
force IS taken fiom Column 64, and the oibital force from Column 23 Column 74 is foimed by 

adding with piopei signs Columns 73, 64, and 23, and here the multipher of 8M is 
introfluccd 

In the second column of each set of parallel columnb, applying to disturhance of ecliptic areas, 
the torrestro lunar force does not enter, and M therefore wiU not appear For the gravitationfid 
solar transversal foice we refei to Column 68, and for the orbital foioe to Column 18 , their 
sum IS shown m Column 75 

Foi tlie thud set. Column 76 is foimed by multiplying Column 31 by i 0027250 (m the 
terms following No 350, it is sufficient to use the numbers of Column 31, without multiphoation, 
by I 0027250) , tbe solai gravitational force is taken fiom Column 72, and the orbital force 
from Column 29, and Column 77 is formed by adding with proper signs Columns 76, 72, ariii ^9, 
and hero is introduced 

The losidual quautities m Columns 74, 75, 77, are the Uncorreoted 7 aluos of the Three Fim 
damontal Equations, which wo must endeavour to correct by changes m the assumed numerical 
values of arguments and co efficients m Columns i, 15, and 24 
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UlTCOERECTED NXJMLSIOAL VALtTBS 


lozces in Eoliptio Badiiu 


rnuiBveisal 

Toroes 


a - AC K Col 3 o 
(xnodifled by Section V ) 
^*1 


■■13—64—73 

■Knmencnl Xeini (^Equation (10) 


-18-68 
-Numenonl 
ierm of 
Bq (11) 


9986884^3 
544469 
994 **. 7 
*4477 
2985 s 8 

9259 

5574 
4208 
3 o 66 , 7 
2733 , o 

2661 7 

536i 

1857 

i 5 o 6 

*-43,3 

iioi 9 
1001 

2 o 3 
32 3 
827 

617 

2861,2 

302 


5,6 + 8A£ X 9960 
36 o + 8M X 05+3 

i 563,4 + 8M X 0099 
911 + 8M X oo 85 

607,3 + aid X oo 3 o 

647 + 8M X 0009 

726 + SM X 0006 

71 + 8M X 0Q04 

1080 , 2 + aM X ooo 3 
627 4 — aid X ooo 3 

45 o ,8 — 8M X ooo 3 


17 
275 
2774 
235 8 


- an X 
+ aid X 
+ aid X 

- aid X 


i 633 , 9 — aid X 0001 
407 — Bid X 0001 

924 + id X 0001 

*37 , 7 — Bid X 0001 
S 5 o + Bid X 0001 

940 + aid X ooox 

2833 + aid X 0001 

16 , 7 

33 4 — Bid X ooo 3 
352 

200 8 
23 i 

20 Z 

17 2 — Bid — ooox 
H 7 

23,5 

28,9 

3 i 

3 i 8 

xooi 


+ 192 68 

- 725,9 

- 5 aj 

4 345 , 2 

- 385 

- 4»9 

+ 39 I 

- 5 o 6 4 
+ 298 5 

+ 234,9 1 

- o XX 
+ X4I 

- X494 

- 9*41 

- 783.5 

- 229 

- 55 i 

- 26 35 

- 269 

- 5 x 4 

+ 3 20 

- X96 

- X03,3 

0,0 

+ 117 

- xo, 3 

- x38 


35,9 

35 

xoox 

38 

29,6 

39783,3 


35 5 

425 

3 + id X 000 X 

909 
5,1 

6 x 5 + Bid X 0040 


+ iSi 

- Sox 

- i 5 S 

- X48 

+ X 49 

+ 3 

- 24,5 

+ 33,28 

- 8,39 

- 3,X2 

- 173 

+ 3 

- *4* 

+ 3,3 

+ 35,6 










SeOUON VI — OOMBm vtion of 


FORGES PABAT i T iEL TO TBDQ ELAMB Or THE EOLIFTIO 


OF BQUAIIONS (lo) AND (ii) 


Bidiol 

Foroos 

TronKversal 

Foices 

74 

75 

-23 — 64—30 

-18-6S 

— Nninoiionl 

— NmnaMjnl 

loim of 

roim of 

tq (10) 

Rq (11) 


51 + 6i,S 

52 + 24 

5 3 H 73 

54 + 171 

55 - 3 S ,6 

56 + 1,7 

57 + 8 8 

58 + %5 

59 - 76.1 

60 - i 3 i 

61 H 68 

62 - x 5 

63 H 92 

64 - xS3 

65 I + 25,6 


66 + 0,4 — 


- 17 

- ^ 

+ 126 

+ 2,82 


- 0,5 

+ 1,46 

+ 3 i 

+ 38,3 

- 65 


+ 27 

- 7 




16 

— 

4.7 

+ 

159 

+ 

23,3 

+ 

193 

+ 

9.8 


I 

+ 

23 , 1 

H 

4,5 


23 

— 

1 

+ 

20 , 8 

— 

2 

— 

2,0 


0,4 

+ 

38 

— 

».3 

+ 

3,2 

— 

2,21 


- iz ,8 
b i 5 
9 

H 1,2 
*i 7 

+ 9 

h XX 


— II 

- 2,2 

+ 57 

+ 80 


+ 10,8 

— 1 

+ o , z6 

- o »3 


0,3 



Badiol 

roioes I IOICO0 


t«z 8-68 
■■Niiinfinoal 
Toim of 
Bq (II) 


— 0,0 

- o, oS 

- 0,9 

- 143 

- 57 


3,68 

- 0,55 
H 5,0 

- 405 

- 133 


0,4 + 1,0 

— 1,6 0,2 

+ 0,11 + 0,02 

- 100 _ 46 

“ 4 » - 19 


+ 94 

- 277 

+ 37 

■*" 

h 61 

+ 2,8 

+ 27 

- 20 

+ 0,2 

- 14 

- 358 

- 75 

- 368 

- x,3 

- »,3 

- 89 

- iS 

- 28 
I 12 


- iSS 

- 91 

33 H 2 

34 + 63 

35 - 52 


+ 38 

- 75 


- 109 

- 33 

- 71 

+ o 3 o 
+ 0,5 


— z 

— 16 


+ 24 

- 

: 1 

+ 14 



Rftdial Transversal 

Vorcea Forou 


- 5 

- 36 

+ 2 

^ 1,6 

- 11 


- 18-68 
— NnmeLioal 
Teim of 

Fq (II) 


= .T 


- 5 

- 38 

- 3 

- 11 


^ 12 

+ 12 

- 0,3 
3 

- i 5 

6 

8 

- I 

+ 0,48 

- 12 


- 48 

- 11,0 

+ I ^,7 

+ 4*8 

- **5 


- 2 

h S 

- 2 

- 7 

+ 18 

+ 24 

- 14 

- 19 

- 25 

+ 3,2 

+ Of So 

+ 1*4 

1,2 


Badial TranavLrBal 

Foiocb loroob 


■23-64-30 «i 8-68 
— Numeno'il — ITnixieiioal 
Icim of Xum of 
Bq (10) Juq (11) 


— o, i 5 

+ 4 

+ 0,7 

— 3 

+ 1 

— 2 

4 

+ 6 


+ o, 02 

- 8 


*41 
242 , 
»43 

*44 + 


+ 12 

3 

— 2 

- 8 

+ 2 


+ 

.31 - 


" 6 

- 3 

+ 5 

- ai 

+ 3 





















80 


ISTJMBBIOAL LUTSTAE THBOET 


UNOOBBBOTBD NUMERICAL VALUEb OH EQUAITON (12) 


Eoroefl Konnal to Edipbe 


76 

— - M X Ool 3 i 


— 897806 74. 

— 98060 

— 402 

— »36o3 

— 18734 

— 2 Z 6 

— 1+384 

— 9031 
•699 

+ 840,3 


982 

391,8 

a553 


4 

523 , 1 


825 

- 

946 

- 10 1 

— 

538 

— 

596 

4 

4 * 9,3 

4 


4 

5 

4 

507 

4 

522 

— 

z 6 

— 

126,7 

— 

IX 

— 

78J 

— 

414 

— 

461 

4 

368 

— 

3 i 5 

— 

166,6 

— 

271 

4 

X91 

- 

135 

— 

^ 39, 3 

— 

78 

— 

327 


121 

4 

179 

— 

*9 

— 

34 

— 

176 

— 

2X1 

4 

4 

4 

73 


7 » 


103 


77 

=29—72—76 

nNomerical Term of lunation (12} 

M 

»>47 

4 

SM 

X 

0899 

4 

II 

4 

m 

X 

0098 

4 

5 





4 

18 

4 

m 

X 

0024 

— 

69 

4 

m 

X 

0019 

4 

4 S 





— 

60 

4 

m 

X 

0014 

b 

25 

4 

m 

X 

0009 

4 

12 

4 

9 M 

X 

ooo 3 

4 

11 98 

— 

m 

X 

0001 

4 

i 3 

4 

m 

X 

0001 


9,8 

4 

m 

X 

0001 

— 

64 

4 

m 

X 

ooo 3 

4 

4,0 

— 

m. 

X 

ooox 

— 

4 

4 

AM 

X 

0001 


5 o 

4 

rtf 

X 

0001 

— 

1 





4 

7 * 

4 

8M 

X 

0001 

— 

38 

4 

8M 

X 

0001 

— 

14,7 





4 

4 





— 

»4 





4 

2 X 


aM 

X 

0001 

4 

17 

— 

aotf 

X 

0001 

4 

7 





— 

7,4 





— 

7 





4 

21 

4 

8M 

X 

0001 

4 

87 





“* 

10+ 






18 





— 

26 





4 

*•4 





— 

X 





— 

55 





4 

17 





4 

IX, 8 





4 

187 





— 

H 





— 

10 





4 

10 





4 

20 





4 

5 





— 

23 





— 

77 





— 

4 





4 

18 





4 

2 






7 






loiccs 
Noimul 
to I chplic 


329-72—76 
■Numciical 
Uiniof 
Iq (i») 


jSi — 
35-, I 

353 + 

354 - 

355 H 

356 4 

357 + 

358 + 

359 + 


361 - 

362 i- 

363 h 

364 - 

365 - 

366 + 

367 - 

368 - 

369 + 


371 - 

372 + 

373 + 

374 - 


376 + 


38z 4 

382 4 

383 4 

384 - 

385 

386 - 

387 4 


391 - 

392 - 

393 - 

394 + 


496 4 

!|J - 

399 - 


1 OlOCS 
Nolixml 
I 0 tcliptic 


9—72—76 
Numciuiil 
I(im ol 
hq (12) 


IiOtU*! 
>[onnal 
to I i lix>tir 



1 


X 

h 

1,8 

H 

3 


5 

4 

1 

1 

7 

\ 

9 

— 

1 

h 

*,3 

— 

1 


0,4 

•— 

X 

* 

33 


9 

MO 

3 


6 

\ 

X 

4 

5 

\ 

4 

H 

(• 

]8 

** 

*9 



— 1 

4 19 

4 3 a 








Section TT— compabison of oebitai and oravitational values oi tokces 81 

TIio compaiison of the Orbital and Gravitational Values is imsatisfactoiy, and appeals to 
9 ov that the Assumed Theoiy (which has been used only as a basis foi coirections that aie 
be infeiicd fiom the Theoiy now m hand) is sotisibly incoiiect The disagreement as 
logaids the forces Noimal to the Ecliptic Plane (the subject of Equition (13), Column 77) is 
usually small , m one instance only does it OAceed 3". the coiiespondmg coirection to latitude is 
^ow j' The rhaagroement as regards the Transvoisal Foices in the Plane of the Eohptic 
( he subject of Equation (r 1) Column 75) is laige, amounting m one instance to about 30" , and 
^is IS exceeded by tho disagieement as legaids the Echptic Kadial Forces (Equation\io), 
Column 74) wheie the laigest discordance is equivalent to an arc of aboub^’^o" It appears 

piobablo that tho prmmpal parts of these appaaent faults arise from imperffections m the assumed 
oxpioBSion for Parallax 

Wo must now prepare for tho correction of these by symbolical oxpiessions of the collections 
to Oibital and Gravitational values in teims of symboheal coirictions of the Fundamental 
Eiloincnts find tho Oo officionts of Argumonts 
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NUMERICAL LUNAR THEORY’’ 


SECTION VII 

SYMBOLICAL TARIATIONS OF 
THE THREE FUNDAMENTAL EQUATIONS 

PEODEOED BY 

SYMBOLICAL VARIATIONS FOR 
ASSUMED VALUES OF AND 1; 

■WITH 

THE FIRST FACTORIAL TABLE. 


0 2 
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Section VII— Stmbouciai, Vabuhons or the Thebe FoNDAMnirAi EquArroNS, rRontitiD 
BY STMBOUOiL VaBI/LIIONS OF THE ASSTTMED EXTMLNrS 

The numbeis in Oolninna 74, 75, 77, of the three snbiUviaions of Section VI, icpusMiJ tin 
amount of appaient failure of each of the Equationa (10), Cxi), (la) foi oveiy .Udeiont aijfuiaint 
It IS to be observed that this fadure does not oiiginato m oiioi of phynitol iHSiimplion ui nt 
^ure of the ohaiaCiei of the form assumed for satisfying tho physical assumption It is m tain 
^ has been remarkedjn Section H) that, by aibitraiy assumption of those clLnumts wliuh Mt 
truly arbitiaiy (mean distance, ellipticity, and inclination), and applying simple iiiimoiKal 
alteations to tho othei co efficients and to the peiiods of fundamental aigiunonlh (piugisil and 
nodal movements), tho equations may bo peifectlv satishod It is out ohjoct now to foim tin 
equations which -will lead to tho numencal values of those alterations 


It B to the preaent, thet the .immel Nomenal Valnw (whul. ere Him (Jivm ae 

y neeaty aooeieto that it -mU be muicoomaiy lo uiiuailei tile 

", ttey may »em te mepiiie, ..el ~ 

BJlWorchehiaitedtothehietpoweieftboeoiBireelaont , ani i very step 

^ » W •« m reaUly Mie nuiaeiioal 

~ 

From Equation (;o), Value of Column 74 = 

+ *!•{(: «B 1)*} !)}'_ (I «, 1)1 „ g). + 

(b) (« 0“ 1) — 00840 (j)’ (I eoe 1)* eos ja(v— y)| 

From Equation (la), Value of Column 75 s 

+ 5 {(; «« 1 )’ 1 } + 00839 6 «. I)* mn 

From Equation (la), Value of Column 77 = 

+ ® (5 am 1) + Jf (f)* sm 1 + 00560 I an 1 
With some smallei terms, whose effects are msenaible 

iod Iheoe are the fanet».e ,he.e aamen«a «leo, « to modUV that tl, 

^^vdlUt^BhBhBmddbep^decedhyeah^tohoorff 4 -^^ ” + »»' ‘+M. 

aeiB^Jiir' ™‘'“ »' « S'- «-*'»«• 

Ptooeee m one of ample difflaeoiatim ^ ■«•«« rf Bflpmtiom (ro), (ri), („) The 



Section VII — symbolical vabiations or eun damentat. equahons 
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Each of the fiotors, of which wo aie now tieatmg, affects every term m the whole assemblage 
constituting each of tho expressions foi (lo), (ii), (i») respectively Thus we have to foim, 

^ ^assemblage of terms m (lo)^ x Sv , 

^ ^assemblage of terms in (ii)j x 8^; , 

^ ^assemblage of terms m (la)) x 8-y , 

and similarly for 87 aud 81 

Wo shall heieafter treat of tlie variation of each individual teim in those assemblages 
We pioceed now with the investigation of the factors in each assemblage of terms 

In the following mvestigations it will frequently be eonvement to put the symbol p foi “ 

The Eoman capitals 1 , 11 , III in the margin refer to the Equations (10), (ii), (la) The 
numeiaJs attached to them relate to the successive sub-terms of each equation The numerals 
at tho head of each diffeiential hne lefer to the lines of the following Table of “ Factors of 
Vaiiatious as first collected ” The order of operations is, that the symbol p is everywhere to 

be changed to 2> + Si’s 1 to 1 -l- ol, and 3” to ^ + 8^ , and the vanations of complex terms are 
to be made by tho same rules as foi differentials If there is a sign of diffeiontiation, external 
to a biackct within which vanations ore to bo perfoimed, the order of these operations is 
theoioticaUy unmpoitant, but practically it wiU be convenient to perform the differentiation 
last of all 

(I) Tho First Teim (foi Equation (10), Echptic Eadial Foice) consists of six sub-terms 

(I 1 ) Tho fiist sub term is + i ^ {(3)* (cos 1 )®}, or + ^ ^ {p-® (cos 1 )®} 

Tho variation of the term under the bradeet is — 

— »p“" (cos 1)® 821 — ajJ"® cos 1 sm 1 81 , 
and from this wo obtam, by double differentiation. 


(i) - £)“ (CO® 1)' 

(») -» siG)" (®o® 1)*} ^ sGr) 

(3) “ ^ { (5) (cc® ^ 

(4) cos 1 sm 1 (auxihaiy) 

(I) “ (5)* cos 1 sm 1 X § 81 

( 6 ) 1 ^ 

(7) -.MG)* ^ SI 


Tho quantities to which the numerals (i), (4), (5) refei aie to be formed by combination of 
some of the developments m the columns of Sections 11 and III , and their differential 
co-efBcients (a), (3), (6), (7) are formed from them by ohangmg "sme” to “cosme,” or 
“cosine” to " — sme,” and multiplying by the "Movement of Argument” exhibited m the 
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same line which oontams the co efficient for the term thus treated The developments of 
cos 1 and sm 1 will also he found m those columns 

(I a) The second sub teim of the First Tenn lb —‘I ^ cos l)j-* Its Vaiiation is, 

— a j (p“^ COB 1) X Variation of J (p~^ cos 1) 

~ ® S (P“^ 1) ^ 5 ■[Vaiiation of cos 1) j- 

“ “ * 5 (lP“^ COB 1 ) ^ 5 { — 1 >~* COB 1 8p— |)-i Bin 1 dl j- 

I*' 

Differentiatuig the quantity in the large bracket, without sopaiatmg j)-» from cob 1, oi 
p~^ from sm If we have 


(8) j cos 1 (auxiliaiy) 
(14) + a X (9) 5 COB 1] 

1 X 

(10) (5)* cos 1 

X i (*?) 

(15) + a X (9) 5 (5 ^ 

1 X 


X «; 

(i(S) + a X (9) 5 (s cos 1] 

1 X 

(la) 5 sm 1 

X ja 

(17) + a X (9) J(icos 1) 

1 X 

(*3) j, (5 an 1) 

X 81 

(I 3) The third sub term of the First Teim 19 cos*l 

Its Variation 19 

+ 9 p-* 008*1 (g)* 8 i) + aj)-* 

cos 1 un 1 (J) 81 

oosM J j'JSv, 

Or (18) +a(i)‘ coB*l (D* 


X 8“ 


(19) + a (j)* cos 1 sm 1 

(!)• 

X 81 


(ao) -a (ly 008*1 ^ 


5 < 



(l4) JlMfomtt iiiil>.tomrfMMaBtTami. +Jf p m’l, wluw Jf- 1 ooj; jjo + SJf 

+ JlfooB*l^-aJfjpcoalainl81 +jp4 00 s*l 81lf 
Or (ai) + I ooa73 cob *1 x §2 

(aa) — a 00345 ; cos 1 sm 1 x 81 

(as) + ; 008*1 


X 8 : 3 f 
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(I 5 ) The fifth sub-term is — ooaSo x (5)* (j) cos 1 Its Vanafaou is 
(24) -1-00560 (0° cosM X a“ 

(35) H- 00560 (5)' cos 1 sm 1 X 81 

( 16 ) The sixth sub-term 18 — 00839 (a)" (5)* cos®! cos |3('U — F)] Its Vanation is 

(36) +01679 iff (5)’ cos’l cos 13(11-7)1 ^ X 87 

(27) +01679 cos 1 sm 1 cos l3(ii— 7)1 x 81 

(38) +01679 cos®l sm 13(11—7)1 X 8ii 

These six sub-terms, (I i), (I 3), (I 3), (I 4), (I 5 )» ^)> united to form the 

Yaxiation of Equation (10) 

(n ) The Second Term (or that foi Transversal Echptic Forces) consists of tvo sub-teims 

(IT i) Tho first sub-term is +5{(a cos l) 01 s} 

Variation is 

(39) - a 0 * (cos D* X J ( 8 ?) 

(30) (cos 1)’ s} ^ 

(3O - a (5)“ cos 1 sin 1 5 X ^( 31 ) 

(за) -®s{Q’ coslsinl 5} x 81 

(33) + ( 0 * 1)’ ^ 

( 34 ) + J { (5)* ^ S ^ 

(11 3) The second sub-term is +00839 x (5)’ (^)* (cos 1)* sm l 3 (ii — 7)| Its 

Variation is 

(35) - 01679 X (5)* (5)® (cos 1 )* Bin la (11-7)1 x 3 (“) 

(зб) -01679 X (5)* (5)^ cos 1 sm 1 sm 1 3 (11 - 7)1 x 81 

(37) + 01679 X (5)' (cos 1 )* cos 13(11-7)1 X 8v 

The developments, whose combmations axe requiied to form these quantities, wiB be found 
partly m Section II, partly m Section IV The sub terms (II 1) -nd (II a) must be umted 
to foiDtt the Vanation of Equatioii (ii) 
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(HI) The Thud Teiin (for Forces Normal to the Ecliptic) consists of throo sub-teims 

(ni I ) The fiist sub term is + 55 (; am l) The Vaiiatxon of the boim undoi the 
bracket IS 

— y-i SUL 1 COB 1 SI 

Or —{(5)* Bml]>8p + 5 cosl SI 

Its second differential is 

(38) - ( 0 * am 1 X (S®) 

(39) -ajtid)’ 

<40) ^ 

(41) + 5 008 1 X ^ 81 

( 4 *) + ^-sd 0 ^ Jt 81 

(43) + (s CO® 1) ^81 

(m n) The second sab-term is + JIT sm 1 Its Yanation is 

+ %M p sml Sp+Jfji^oosl SI +2^ sml SJIf 
Or (44) + aoo545 ; sm 1 8 (;) 

(45) + 1 00373 (r)* cos 1 X SI 

(46) + (ff sm 1 X SJf 

(in 3 ) The third sab-teim is + 00560 p~^ sm 1 Its Yaiiatioii is 

(47) - 00560 (i)® (5)* sm 1 X 8; 

(48) +00560 ("*)* (0 cos 1 X 81 

The three sub terms (HI 1), (HI 3), (IH 3) must be umted to foim tho oomploto Yanation 
of Equation (la) 

I now proceed to collect all the terms of these Yanations m a Table, fl»1iibif.iTig the loim of 
each fiictor of an dementaiy Yanation, and the process by which its numenoal flevolopment 
has been obtained 

When the algebraic expressions foi the factors could be found m the foimul® at tlio heads 
of the columns of Section 11 and Section IV , the numbers wore extracted from those columns 
to the 4th decimal Pm other terms, whose expiessions do not find place in Sectioiis II anil lY , 
It was found possible to combine formulm of different columns in those Sectioiw, ho oh to 
produce the expression required Attention was given to ensme the accuracy of the constant 
terms (the first column m the table) to the mH b 
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Calculations weie completed tor the followmg arguments —o, I, nD—l, nD, %l, nD+l, 
nD-S. iD-l-S, 1-8, JD, 1+8, af-l, 8, q.D-% 1, f, f+l, f-l, aD-/, %J)+f-l, %D+f 
f—nl But, for the greater poition of these terms, the numbeis, after assemblage for the 
Factorial Table, became so small that it was evidently useless to letam them in the first 
Table Finally I Oiduded all whose value does not nse to oo$ 

The different seiial multiphers for the same Variation were then collected, and the results 
wore oiiangod in the more convenient foim of the First Faictonal Table 
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8 Equation (lo) 


8 Equation (ii) 


B Equation (za) 


NUMBBIOAL LTJITAJR THEORT 


FACTORS OP VARIATIONS FOR 


FOB EQUATION (lo) 


0537 COB I 


— 0069 COS \z V — l\ 


m) 


+ 8 (jf) X { + a 9960S9 - 0537 cos 2 — 0069 cos I 2 — / I 

+ ^ ^ ^ I a X> - I \ 

^ ^ ^ ^ oo53oi + 1627 COB I + 0277 cos | 2 X> - / | 

^ 5y ^ ^ 1 a Z> — ^ I 

^ ^ Jy ^ f ^ I 988789 + 0006 COS I + oo 3 o cos \z JJ — I \ 

^ dt \ 

5 jjf X -|^ + 995975 + 054.3 cos I + 0099 COS 1 2 1 > - Z I 

{ ■^ i ^ (-P' «>® 1) ''*'■ + S ®" + S ^ (Pr 008 1) X a]- X { + 99SS4S 

+ jl "f ^ sin/ + 010 HD |y -rTl j- 

+ ^»1 X I - *78 009 / 

^ i - 089 am/ 


d. 

• + S 

%» 


— 2142 6in I 

+ 1627 COB I 


— oooS sm I 


+ 0006 cos I 

4 0543 cos I 


— o 32 o sm I 2 X> - I \ 


4 0277 cos I 2 — 


— 0029 sm I 2 x> — Z I 
4 003 o cos I 2 Z> — Z I 


4 0099 COS 1 2 2 > — Z 


<2 

{fa 


— 178 cos f 


— 089 am / 


FOB EQUATION (zi) 


48^?^ ^ ^ I a I> — Z I 

{- I 991900 4 Z080 COB I 4 0222 cos | 2 J!> — Z | 

4 8 y X — 000236 — oooS cos I — 0027 cos | 7 ^ 1 } — Z | 

dr 

4 ^ 8 y ^ L + ^ ^ I * — Z I 

^ r 

4 ^ 8 tj X -j^ 4 I 00064a — 1084 cos Z - 0188 cos I 2 — Z I 

{ ^ S: (^»' ««« 1) S ^ ®°'’ 1) X «l| X { + 99SS4S 

4 81 ^ "" M ■*■ M 

+ Jf«l X { - 178 hm y — 0X0 6111 \f'^\-l\ 


+ di*" 
d . 


— 1074 sm I 


- 01S7 Bill I 2 I> — Z I 


I 991900 


4 Z080 cos I 

— oooS cos I 

4 107S sm I 

— 1084 cos I 


4 0222 cos 2 Z) — 


— 0027 cos I 2 jO — Z I 

4 0161 sm ilTl) — Z I 

- 0188 cos I 2 — Z I 




— 178 cos / — 020 cos 1 ^ 4/1 


— 178 6 m y — 0X0 6111 \f ^ I \ 


FOB EQUATION (12) 




M‘‘) 


4 266 sm / 4 014 sm 17+^1 


— 178 cos f 

— 089 sm f 

4 089 sm f 


4 BM ^ sm / 4 010 Bin |/ 4 Fj j- 

ft dZ . 1 dZ ^ X dZ ^ f I 

1.5 w’* ^ + i a ^ ^ + a * / 

+ 81 X + I 007856 + 1626 COB 2 + 0274 COB I 2 2 ) — i j 

+ J ,81 X ■[ + 1078 Sin Z 4 0x64 sm I 2 i> - T] 

^ f 

+ ^ I "" 999^45 — 0543 COB Z - 0096 cos I 2 D — Z I 




+ dP” 
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NUMERICAL LUNAR THEORY 


SECTION Ym. 

INTRODUCTION OF NEW NOTATION 

AND POEMATION OP 

MODIFIED FACTORIAL TABLE 

\nTH STEPS POB 

DETAILED FINAL EQUATIONS OF 
CORRECTIONS TO ASSUMED CO-EFFICIENTS 
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NTJMEBIOAL LUNAB THIOET 


Sbctiov vm— iHTEODtronoir of New Notation and fobmateon of Modifetd Factorial 

TARLE with FOB DETAILED I^NAL EQUATTONS OP OORBEOTIONS TO AS'lUJtCT D 00“ 

EFFICIENTS 


We may now describe the New Notatian which it has hoen found convonicnt occasionally to 
employ ^ 

Eveiy horw o utal imie m the table of Section IC , Fart a, exhibits multipheis of cosmo or sino, oaoli 
of a smgle argument, the saccessive yalues of that argument being o, I, , 1 2 i)| , \%t\ , Sbc 

We «ibnll lefer to these arguments by the geneial letter IT, with subscript for oacli argutneni^ tho 
same as the “No for BefeLence thus for o, I, |aD— Z|, |aD|, I»T|, &c, wc shall use /fi, JT^, 
ffg, Eg, &c And, foi their separate numencal co efficients, m Section TI , Fart a, Oolmnn No t , 
we gbii.n use the general letter g with the same special subscript , and in Section II Part a, 
Column No 15, we shall use the letiei A with the same speoial subsoonpb, and similarly Tor 
Uovements of Ajguments we shall use the letter m with the samo spomal subscript Thus — 

gg cos JTgss +545095 cos I, Aj sm Si = + 109757a sm I, m,= +09915480 

gg COB jr,= +99813 cos |aD-Z|, ftg sm Eg= +! i,%q ,^^6 sm m,= +08588494 

&e, &c, ^ 

A Humlar system apphes to the table of Section II Fort 3 , the symbols &o 

hemgnsed for/, |/+ Z|, |f-Z|, &», and tho symbols &c foi tlio 

CO effiaents of their smes , and &c foi their movements at argument 

Now fof the formaiaan of that term of 8 Equation (10) whndi depends on 5(7)* W'p muat use 

{+a 996059— 0537 cos Z +&c } multiphed by -^the sum of all tho values which constitnto 8“ j-, 
that is, multiplied ly the sum of all the posaihle values of 8flr 00s iT That sum we shall exprofw 

hys(89 cos fl), m the evaluation of which we are to use all the values Sf/i oosJfi,8^i cosi/j,&c 

For that term which depends on we must use { - ai4a am Z &o } multiphod by tho 

sum of aU the poemble valnes of — 8^ sm J? m} 


The result ^multiphcatia n by - 0 537 cos Z will he - oa68 X { + (cos Z + cos Z) 8ff., 

+ (oos Ocos («» +COS i^)8g,+,fiw}, andaQthesuoooodingtormfl’ 

of development of Ime [i] will be generally similar to this 

Hm ft>IJmoiig]in«i[4[3],[j,] mtroduo^ bwks aohauge rf (ho Ieft.lumd irmltapher. a 

wvTuuUem Itinnii.KmKkeia.tm. 0 = o, 

- !W4a BmZx{-smZ to, 8 pe-am \%D - 1 \ mg igg-,SM) 

K+ 107. X {(+ .-oca ,!) m, 8ft+(«. [SUf)™, W+.Oo} 



SeCIION vni — ^NEW NOTATION AND MODIFIED PACTOIUAL TAWT.T!i 
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These terms present no difficulty (though sufficiently lahonous) By means of propeily 
airanged skeleton forms, they are computed mth very httle risk of inaccuiacy 

It 13, however, very important to remark that the co efficients g, h, k, do not entei mto these 
foimulje And thus, the vanation of the smallest or most distant co-efficient in Column i, 15 , 
01 34, may leoeivo a multiplier as large as those received by the vaiiations of the early 
CO efficients 
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NTJMEBIOAL LUNAR THEOEY 


NO 

TBBM8 0 ? TED FAOTOBIAX. TABEB S-QB t BQEATION Cio) 

[I] 

{ 

+ 

z 996059 


0337 009 1 

— 0069 COB 1 2 D — 2 1 


0240 

COB 1 2 .Z 7 1 


w 

i 



- 

^142 Bin 2 

— oj2o am 1 2 2) — 2 1 

- 

o 53 o 

sin 1 2 27 1 


[ 3 ] 

{ 

- 

I oo 53 oi 

+ 

1627 008 2 

+ 0277 OOB 1 2 — 2 1 

+ 

02 X 3 

cos 1 2 27 1 

} 

M 

{ 



- 

oooS son 2 

- 0029 Bin 1 2 — 2 1 

+ 

0168 

sm 1 2 27 1 

} 

[S] 

{ 

- 

X 988789^ 

+ 

0006 COB 2 

+ oo 3 o cos 1 2 jD — 2 1 

- 

0090 

00s 1 2 27 1 

} 

[fi] 

{ 

+ 

99S97S » 

+ 

0643 008 2 

4 0099 OOB 1 2 17 2 1 

+ 

0082 

00s ( 2 27 1 

} 

[7] 

{ 

+ 

99SS4S 


0543 008 2 

— 0096 00s 1 2 17 — 2 1 

- 

007S 

oos 1 22) 1 

} 

[8] 

{ 



+ 

090 sin / 

+ oio sm f7'"-2| 





[9] 

{ 



- 

178 008 / 






[10] 

{ 



— 

089 Bin / 


+ 

OIO 


} 


TBBMS OB IHB FACTOBIAL TABLF BOB S BQUATION (ii) 

C«3 

{ 



- 

1074 Bin 2 

— 01S7 Bin 1 2-27 - 2 1 


0279 

sm 1 %ir\ 

} 

[w] 

{ 

- 

I 991900 

+ 

zoSS ooB 2 

4 022^ oob 1 2 17 » 2 1 

+ 

0060 

cos iTITi 

} 

[13] 

{ 

- 

ooofl 36 

+ 

ooo 5 008 2 

+ 0027 OOB 1 2 i) — 2 1 

+ 

0168 

cos j 2 27 1 

} 

[143 

{ 



+ 

1075 sin 2 

4 0161 am 1 2 27 — / 1 

+ 

0268 

am rnri 


CIS 3 

{ 

+ 

I 00064A 


Z084 004 2 

- 0188 008 1 2 l 7 - 2 1 

- 

0145 

oos \zD\ 


[163 

{ 

+ 

99 SS 4 S 

- 

0543 OOB 2 

- 0096 00s 1 2 .27 — 2 1 

+ 

007S 

008 1 %jr\ 

} 

[*73 

{ 



- 

178 008 / 

— 020 cos U + 2 1 





L*83 

{ 




178 sm / 

— OIO am |y + 2 j 

+ 

0 x 0 

sm \J~l\ 



aSBMS OF THE FACTOBIAL TABI.B FOB t EQUATION (la) 

[*93 

{ 



+ 

266 Bin/ 

4 014 bm 1 /- 1 1 


006 

sm \J-l\ 


[»o3 

{ 



- 

178 008 / 






[«3 

{ 



- 

089 Bin f 


h 

010 

am 1 / - i 1 


[m 3 

{ 



+ 

089 Bin/ 

+ 010 Bm 1 f ^ 1 





[133 

i 


J oooooo 








M 

{ 

+ 

1 007866 

+ 

1626 OOB 2 

4 0274 008 1 2 27 — 2 1 

+ 

0427 

oo« 1 2 27 1 


[*S3 

{ 



+ 

1078 BED 2 

+ 0164 am 1 2 27 — 

+ 

0278 

sm [ 2 27 1 

} 

[»«3 

{ 

+■ 

999S4S 

•• 

0543 COB 2 

— 0096 008 1 2 27 — 2 1 

— 

0075 

COB |~2i> [ 

} 


* 
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Section YlU — ^modipied 

I-AOTORIAIi 

TABLE 


SYMBOLICAL VAMATIOirS OS' ASSUMSSJ CO ES’S'ICIENTS 

NO 

H- 

oo5 

COS 1 2 Z 1 + 008 COB 1 zf 1 j- 

X 

2 { + cos H og } 

[I] 



+ 008 Bin 1 a / j } 

X 

2 { —sin n 01 5^ } 

C»] 




X 

2 { — cob n m 87} 

[3] 




X 

2 {+sm n 8/1 } 

[4] 




X 

2 { + COB H m SZt }■ 

[5] 




X 

+ 8M 

[6] 











+ Ff cos 1 

[7] 




X 

2 { + sm K SA ] 

[8] 




X 

2 {+C0B K m! 8A} 

[9] 




X 

2 { — sm K 8^} 

[10] 

STMBOHOAL VAMATIONS 01 ASSUMED 00 BPE-IOIENTS 





X 

2 {+cofa H } 

C»] 




X 

2 { — sm n w dg } 

r«] 




X 

2 {+sm n 8/t } 

[i3] 



— 008 sm 1 St/ 1 } 

X 

3 { 4 COR H m 8^ } 

[*4] 



+ 004 COB 1 a/ j } 

X 

2 {— sm n m 87i } 

[iS] 





4 J/ coh 1 

C16J 


007 

OOfl \%I> -/I } 

X 

2 {4S111 K 8A } 

C*7] 

- 

006 

sm 1 » D -/ 1 } 

X 

2 {4COS K ml 8A} 

[18] 

SYMBOLICAL VABIAIIONS OP ASSUMPD 00 EPPICIENrS 


+ 

009 

sin \zD-/\ + 003 sin |aZ>+/- 

Tf } X 

2 {4(M)8 H Sg } 

[19] 


006 

COB \ %D —/I } 

X 

2 { -sm H jn 8^ } 

[«o] 




X 

2 {—cos H 8^} 

[«3 




X 

+ 8M 

[»»] 





+ Z 

c»3] 

+ 

0x1 

COB 1 ai 1 + “oS \%I>- <sl 1 X 

S { + sm K tk } 

[»4] 



— 006 COB 1 2/ 1 

J 






X 

2 {4C0SK m' Bk\ 

C* 5 ] 




X 

:$ { — <Qii K trt' 8A} 

L*6J 
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NUMERICAL LUNAE THEORY 


We have now to conveit thebe formulsB into otheis, which heat duectly upon Uio oxpicssion 
of the vanationfl of S Eqnatione (lo), (ii), \,m), hy means of the mdividuol vaiiations 8//„ Sf/., 
Sg, &c, dK &o, 8h» 8*i 8*^, &c , and of the general variation SM, wiUi factors 

no more tHiim siinple une& and coames of aignments which wo have yet to select 

It will be lemarked that all the biacketa on the right hand oontam terms multiplying Sg, d/i, (W 
Giving our attention to Ime [t], and bearing m mmd the import of tho sign it will be seen 
that the leault of multiplioatiion by + 3 99^059 

+a 996059 X {cos o 8^1, + cos iSgg + 00a 1 7 ,D—l\ Sg, + &c } 
a Buuple senea be remembered that cos o = i 

The aotual mnltiplioations, by which the great products of tho Modified Faetoiial Tablo an 
^eoted, are placed m the ooUeotion of papeib of the Numerical Lunai Theory uudoi tiro tiUi' 
“ Product Sheets by which we shall, if necessary fiiithei refer to them For oneb oi tiu 
three Equatums, one sheet contains all the multiplioations corre^nding to a single value of El 
and a single value of E m the " Symbolical Yanations of Assumod Oo ilheieuts’* of tlu 
Modified Factorial Table As it is proposed to suspend this part of the woik altoi tho looth 
term, there are 100 sheets for Equation (10), 100 for Equation (n), and 100 for Equation (la) 
One sheet of Equation (10), contains 19 multiphcationB of tho quantitios shown in tho ‘‘ Lmon ” 
of the Factorial Table, one sheet of Equation (ii), contams 33 such moltiphoalions , and one 
of Equation (13), contains 18 The marginal refeienoe mdioating the product ol tho oo-oEhmonta 
IB diBtmgnished by the word FBOUTrcT m small capitals , and we shall use this in tho saiuo 
sense tbioogh the fidlowing pages A Specunen of one of each of theso sheots is subjoined 


OO 

^ OO 
ON 

CO 

+ + 


ON VO 
ON 
OO On 

►H 

+ + 


^ + 











































107 


NUMERICAL LUNAR THEORY 


SECTION rx 

DETAILED FINAL EQUATIONS, 

FOB THE HBST OINTHNABT OF ABGHTMBNTS m EACH SEBIHS 


Part 1— DnTAruJD Equations dbbivbd pbom Equation (10) 
Part 2— Dbtaiijid Equations dbbivbd bbom Equuion (11) 
Part 3 — ^Dutaiird Equations dbbivbd brom Equation (12) 


t 



V 


109 


SrUMEEIOAL LUPTAE THBOEY 


Sbotion IX — 'n ufPATT.Tiin FiNAif Equationb fob thb rmsT OBunifrABT of Abqdments m 

BAGS SeBIBS 


Tho pioduct-sheote haTing been completed ee w desmibed m Seciaon VlU , the following btep 
was taken Jl 

Thciosults ol thopiodnct sheets weie dihgently eesiohed thiough, attention wab given to the 
first Hmo 01 cosine , and for that ame, &c all the “New Co eflicients’ m the product sheets were 
collected , then tho operation was repeated f<n the second ame, &c foiimng a separate collection , 
and this com sc was oontmuod to the end Then for each sine, Ac the subordinate co-efficients 
wmo examined, the oo-efficients of similai quantities were added togethei, and all these 
subordinate oo-ofiioients (each consisting of a faotoi multiplying a vaiiation symbol with subscript 
attached, taken from tho Modified Eactoiial Table) were collected Then the subordinate 
oo-effloients were placed m the oidei of their subsoipt numbeis, to foim, for each sm^ &o a 

gland saialoo-efficieat Each serial co efficient was added to the number (which is unatt^^ 

loany algobiaieal ^bd) denved from summing the corresponding « New Numbera of tte 
produclHshoefi and the sum was made = o And thus each linear equation of Section IX as fer 
as No loo m each Fundamental Equation was formed 

Tho diflOOSBion of tho results hero obtained os deferred to Section X 



110 


NUMERICAL LUNAR THEORY 


DETAILED FINAL EQUATIONS, DEDUCED FEOM EQUATION (lo) , 


[ 

1 

1 

Argmnents 

(for CoBineB) ^ 

liIumeno£d 
Tennfl of 
Equation (10), 
Column 74 

I 

0 or 

n t 


5 6 

a 


1 



3 

zD 

- 1 


-,1^63 4 

4 

a-D 



- Vi 

5 


a 1 


4 607 3 

6 

a jD 

4 1 


- 647 

7 

zD 

— 

5 

— 726 

8 

zD 

- 1 - 

5 

4 71 

n 


1 - 

S 

— 1080 a 

y 

10 

B 



4 627 4 

11 


1 4 

S 

4 450 8 

za 


a/ - 1 


- 17 

i3 


Zl 


+ a7S 

14 

15 

4-D 

- 1 

S 

- *774 

- a35 8 

16 

%B 

- 1 4 

s 

- i633 9 

17 

zB 

4 

s 

- 407 

18 

4i) 

— a 2 


- 924 

19 

zB 

- %l 


4 aSr 7 

ao 

zB 

4 zl 


« 55o 

ai 

a B 

4 1 - 

s 

- 940 

aa 

4J? 



-- a83 3 

a3 

B 

4 

s 

— 16 7 

24 

- a/ 


- 33 4 

a5 


zl - 

s 

- 35a 

a6 

zB 

- 3Z 


4 aoo 8 

27 

B 

4 1 


4 a3i 

a8 


zl - 

s 

4 aoi 

29 

\ zB ^ zf ^ 1 


4 17 a 

3o 

a B 

— 

a S 

- 247 

3i 

zB • 

^ a/ 4 1 


- a3 5 

3a 

zB 

- 1 - 

zS 

— a8 9 

33 


4? 


4 3i 

34 

zB 

4 1 + 

s 

3i8 

35 

4i> 

- 1 - 

s 

— 1001 

36 

3I> 

- 1 


4 a8i 

37 

4l> 

4 1 


- 1459 

38 

zB 

4 3Z 


- 434 

39 

3 ,B 

-aZ- 

s 

- 243 

40 

ZB 



4 3Si 

4X 

zB 

4 a/ - a Z 


+ 4 

4a 

B 

4 Z 4 

s 

- 66 



Z - 

zS 

- 54 3 

44 

zB 

— Z 4 

zS 

4 65 8 

45 

zB 

^ zl ^ 

S 

4 610 

46 



zS 

- 35 5 

47 

zB 

4 a Z — 

s 

— 4 a 5 

48 

zB 

4 a/ - Z 


4 3 

49 

4l> 

— 

s 

f - 909 

5o 


Z 4 

a S 

'4 Si 


PEODUCTS EXTEAOTLD FROM 


3 99 Ig 
o o 5 Ig 
o i 8 
o aa ^g 


o 5 i - 

6 17 - 

o lo 5^7 + 

3 85 - 

3 86 a^io 


o Q% SgTi 
3 74 
6 44 9 gi 
6 gS 5^5 

o 09 8^6 
o 16 
3 6a 8^8 
o 0 % 8^15 
o la 8^7 


— o 14 8^6 

— o II 8^4 

— o 39 8 ^a 

— o 06 ^gf 

+ 11 la 8^fl 

— o oa 

— 0 oa 87 I — 

— o oa 8 £ 7 jq — 


oa 8^8 
oa 8^14 - 
07 8^14 - 
43 ^ffiz "" 

8a 870 
35 8gri 


6 oa 
o o 5 87 

o 06 87 0 “ o 04 a 

o i 3 87 - o la 8^37 

o 06 87 j 5 — o o 5 Sgfjjj 


o i 3 S 75 
o oa 8^5 


+ 4 14 »fifu - o 04 SjTir - o oa SjTi, - o 16 89 , - o oa Sjfj, 

+ 4 04 871 - o oa 8741 - o oa 87^0 - 0 15 o^gi 

- 0 56 8^6 + II 89 871 J - 0 - ® r 

— o 04 87 { — o 08 8^4 + 10 38 8^14 — 0 45 og^^ 

+ 3 00 8715 


o 88 & 7 ]) - o xa 
o 7 S 8710 


- 0 09 85 r„ 


+ 3 88 8^10 - o la 8717 

— o 04 Bg^i - o ao ^10 

— 0 34 ^gu + 5 97 8^18 

— 0 o3 873 + 3 oa S^jQ 

— o 10 87 - o 99 8^8 

— 0 48 877 — o 04 8|7 j 

— 0 10 874 — o 16 8^8 

+ 4 00 j - o 14 874 
4 3 oa 87 I — o oa 8^ B 

— o ao 87) — o 07 87 1 


- 0 07 8754 — o 06 8703 


- 00 a 8751 — o oa 8781 
+ 6 7 a 8717 "* 0 41 

- o iS 870r 

- o aa 871, +17 76 570 - 0 a 3 ^ g ^ - i 4 > 

+ 10 69 871 - o 08 87 - 0 78 8717 - o la 87 in 

- o 9a 5714 +16 76 87a - i 3 a 87,^ 

- o oa 8773 — o oa 8781 

4 6 66 87 5 - o 06 8717 - 0 41 8700 - o 04 8788 


So 87fl 
83 878.1 
71 5710 


- o o 3 87b - o oa 871, - o 04 87^3 1- 4 a7 87 r ■ 

- o ao S710 4 6 69 875,7 - 0 - o 04 87ro 

- o a 3 8711 4 7 a 6 87 q - o 07 8714 - o oa 87,^ 

- o o 5 87 4 4 4 33 87 so - o o 3 8751 - o 17 

4 5 91 87,0 — o i 5 87a — o oa 8741 — o 33 8701 

4 3 70 8731 - o 10 8^0 

- o 09 8710 4 3 5 i 87, - 

- I 07 8713 +18 81 873, - o aS 87,8 - 0 ja l 9 b ^ “ 

- o oS 8711 - o S4 871, - o 09 87 8 411 55 ^34 - 

- o 07 877 — o 04 878 4 9 97 8716 “ ® 43 

- o oa 87,3 4 6 20 87,8 - o 36 87,0 - o 16 870 

- o 18 878 - o 27 870 - I 55 873s, 425 la 87^7 

-018 8713 - I 64 87 0 - o a8 87,8 4 x 6 40 87,8 

- o oa 870 — o 3 a 8755 4 5 71 8739 

- o 04 87id - o 08 87 7 o 48 8735 4 10 74 8740 - o 79 ®77 

- o o 3 8712 4 6 53 87^ — 0 39 87,8 

- o aa 87 3 4 6 99 871 - o 44 og ^ - o 06 ^gi 

+ 3 71 8743 — o oa 8794 — o 10 8790 

4 4 oa 8711 — o j 5 %?9 

+ 3 04 8745 - o oa 8771 

4 3 oa 8745 - o oa 87^0 

- o 95 871 - o 10 87 b 417 ao ® 5'47 - o 17 0^60 

- o o 5 871 - o 5 a 87,1 4 II a6 87,8 " o 09 8751 

- o 09 877 — o i5 873, — o 88 8735 416 ai 8749 

- o oS 874B 4 4 3 i 8750 - 0 17 8791 - o o 3 8799 


o 16 8771 

o 41 87 b, - o 07 877 
0 46 8701 — 0 04 877 , ^ p 07 87 jy 
0 oa 870 , 
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Section TX , Paet 1 — detailed final equations 


EACH LINE SEPAHATELT 


THE PBODUCT SHEETS 


- I 71 5 ?ij 

- 3 68 Bh^ 

- 3 94 

- 5 65 Bkf: 

- 3 53 5^7 

- I 56 5*0 

- I 83 Bhj 

- I 8 3 57^10 

- a 12 5*11 

- 2 02 5*1 

- 5 92 5/ii3 

- 5 3 9 ^^14 
^ o iS 57^15 

“ 1 86 5*10 

- 3 83 57 ii 7 

- 3 42 5 ^., 
+ 0 a6 Bhy^ 


H 0 02 57 i 0 


+ o 02 5710 — 7 62 5*3( 


4* 0 02 5^4 — 7 36 5*3 


— 5 5 o 5 * 1 
5/14 

— I 99 5 * j 
+ 0 3i 5 * 4 

— 3 80 5*21 

+ 2 24 5 * 0 

— 381 5*27 

— 4 09 5 * 8 
+ 2 29 57 l 29 

— 3 38 5 *J 0 

— I 66 5*31 

— I 41 57*33 

— 7 89 5 *» + 

— 5 80 5*)4 
5 24 5*85 

— 3 55 5*00 
— i o 02 5*0 

— o 02 5*18 

— 3 27 57 *^ 

— 5 52 5*40 

— 3 73 5*11 

— 3 96 5*4, 

— 1 68 5*11 

— 2 00 5*44 
+ o 41 5*4 


— o 3o 5*40 

— o 02 5* 0 — 7 48 5*47 

—^57® 

o 02 Bhj — 7 12 5*43 

— 2 27 5*00 


02 5*0< 


9 33 57*37 
9 60 5^ 




o 16 57 jo7 +'*u 02 5*10, 
o 18 5*310 - o 02 5*1,^ 


+ o oS 5*3 o» + o o 5 5 *,oi 

+ o 04 5*300 — o 04 5 *,of 

— o 16 5 * 30 * - o 02 5*100 H 

— o 02 5*10 + o 18 5*3 o«^ + 

— o 04 5*307 — o 36 5*3oj + o 37 57,13 + ° 

— o i 5 5 *m - 0 02 5*31 + o 14 5 «np + o o% 5/3«« 

+ o o 3 5 *, 15 — o o 3 5 / 317 

+ o 04 5*^0 H o 04 5 ft, 

4 o o 5 5*1 , — o 04 5 *, ^ 

4 o 06 5*3 1 4 o 06 5 *hi5 

— o o 5 5*303 4 o o 5 5 *yi 

— o 04 5*0os 4 o 40 5 *,a 4 o 40 5 ^,s 

— o 33 5*318 4 o 04 5 A, , H 0 33 5*300 — 0 04 o**j 


4 o o 5 5*330 — o 04 5 *,i 

— o 17 5*314 - o 02 5*130 4 o ^7 5*111 + o o» 

4 o 14 5*30 — o i 3 5*300 

— o 07 5*813 — o 66 5*831 4 0 66 5*330 4 0 07 5*3 3 

— o 04 5*810 - o 35 5 *, 10 4 o 34 5*144 + 0 04 5 * 38 , 

— o 61 5*3^ - o 07 5 A„o + o 61 5 * 84 r + o 07 5*187 

— O o5 5*848 4 o oS 5*31, 

— 0 02 5*310 + o 17 5*110 ^ 17 5*W6 “ 0 02 5*400 

— o 06 5*110 + o 5*1^ 

— o 02 5 &, 3 4 o 17 5*3 — 0 17 5 *tfi 

— O 02 5 *otI + O 2,0 5*,53 4 0 19 5*y>i — 0 02 0/000 

4 O 06 5*306 — o 07 5*10 

— 0 i 3 5*841 + o 14 5*100 


4 0 04 57*300 - o o3 5*30f 

4 o o3 5*101 — o 02 5* ,00 

— o 08 57*3 8 4- O 71 5*, 08 

^ o 04 5*811 — o 38 5*317 + o 38 5*^ 

- o 32 5*306 4 O 5*308 4 O 32 5* 


— 

O 32 5*370 - 


0 04 Bk 


'176 


4 o 02 5*,0i — o iS 5*307 + o *5 5*1^8 

— on 5*340 — O 99 5*367 + O 99 5*3 j 

— O 12 5*330 — j 04 5*378 4 I 04 5*38 

4 o 12 5*889 


— o 35 5*^1 - o 04 5*870 

4 o 02 5*106 — O 16 5*837 

— 0 02 5*340 4 O 18 5*380 

4 o 04 5*89, + 0 0+ 5 Ahh 


o 64 5*384 + O . ^ 

- o 38 5*300 4 O 04 5*307 4 O 37 i 

^ o 59 5*868 — o 07 5*870 4 o 

4 o 06 5*104 4 o 06 5*807 




3 

4 

5 

6 

7 

8 

9 

zo 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

^7 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

4a 

43 

44 


46 

47 

48 


A 
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NITMERIOAL LimAR THEORY 

DET^LED FINAL EQUATIONS, DEDUCED FROM EQUATION (lo) 


AEgmnonts 
(for Cosines) 


a/ 

a/ - 

- 4 i 

— I + 
- I 


58 4 -D 

59 


ITmnenoal 
Terms of 
Equation (10), 
Column 74 


PBODUCIS BXTBAOIJ'D 1 - R 0 M 


St I + S 
- zl 

U - S 

31 + S ; 


-i? - 

-/ + 

zl 

— 

JD 

+ 

zl 

+ 

zD 

+ 

1 - 

2 5 — 

3J> 

- 

2 Z 

+ 

4^ 


31 

+ 

i,!) - 



+ 



51 


zB - 

2 / - 

1 - 

5 + 

42 ? - 

2 / - 

I 

+ 

2 i> 


31 - 

5 + 

3B 

+ 

Z 

+ 

3JD 

— 

Z + 

5 - 

zD - 

2 / + 

1 - 

5 + 

B 


— 

5 + 






5 

+ 

i3 


-/ 


+ 

5 

+ 

35 


»/ - 

1 

— 

5 

— 

6 0 


zf - 

1 

+ 

5 

+ 

9 4 

B 

+ 

zl 

+ 

5 

+ 

z 6 

3B 



+ 

5 


16 

3B 

- zf 




— 

4 7 

zB 

+ 

zl 

+ 

5 

+ 

159 

zB 

— 

zl 

+ 

5 

+ 

23 3 

42 ? 



+ 

5 

+ 

193 

B 

_ 

zl 

+ 

5 

+ 

9 S 

3B 



_ 

5 


I 

zB 

— 

31 

+ 

5 

+ 

23 I 

zB 

- 2 / - 

1 

+ 

5 

+ 

4 5 



zl 

- 

25 

- 

23 



zl 

+ 

25 


I 

zB 



+ 

2 5 

+ 

20 8 


-/ + 

1 




2 

zB 

- 


+ 

5 


2 0 

zB 

- 2 / + 

1 

+ 

S 

+ 

0 4 


+ 1-5 

zf - 31 

- zS 
zf +5 
+ 25 


- o SI 8^1 - O 04. Sffio - o oy Sffjg + 7 oS Sflfj, - o 44 Sj / o , 

- o s6 Sff j, + 7 61 5^5 -008 * 7 ji , - 

- o 07 So,, - o aS 8^ 5 - o 07 8(7,, + 7 So ^ti 

- o 04 87,5 - o 08 8(7,7 + 79 - o 48 - O 79 

+ 3 00 5^6 

+ 4 18 87 r 

+ 3 o 5 8^57 - o 02 Sff^j . ^ . 

- o 02 5^18 — o 36 57 j + 0 23 S(/gn 

- o 02 ^ 7 - o 04 578 + 4 12 575J - o 02 370, 

- o S 3 ^ - o 14 5£ri7 +“ 4S 57(jy - o oS 3738 

- o 60 57 g + 12 34 5^81 - o 06 ^71 - o l 5 

+ o 02 5^0 — o 18 87^1 + 6 35 57f — o o 3 0707 

- o 54 577 — o oS Sffgg +XI So — o 14 ^7^ 

- o 4S 87^0 - o 04 574J + 10 28 ^ri - o 08 J%^oo 

- o 10 57^ + 3 63 870 

- o 09 %ri8 + 3 S 3 57ff 

- o 02 87^^ + S 88 57^7 — 0 i 5 8770 

- I 74 +27 70 ^08 

- o oS 8757 + 4 So 87flj - 0 o 3 5777 

- o 08 + 3 49 

- o o 3 87, — 0 o 5 8745 — o o 3 87(1 + 4 44 

- o 10 ^7 — o 96 2^10 - o *7 •* *7 

- o o 3 87 1 + 6 47 8771 - o 38 878, 

+ 3 58 8774 

+ 3 73 87 - o 02 87,7 - o ij 57jfl 

+ 6 76 8770 -0-0 877B - o OA 8705, 

- o 02 ^87 - o 04 57gg + 7 36 8777 - o 25 

- O 12 + 3 89 tyyg 

- o 16 8777 + 4 20 ^79 

- o 56 2^4 +11 94 tyso 

- o oS tyas — o 09 871 — 0 5 i 8771 +11 |6 ^gj 

+ 3 59 2^8 

- o lo ^ B — I o 3 ^81 •“ o 35 87BJ 

+ 3 00 ^84 

- o 10 ^17 - o 17 8734 - o 96 %r84 +J7 33 87 Br 

+ 3 97 tyg - O 02 

“ O 04 ^76 +10 33 8^87 - 0 08 8795 

- O 0 « 8735 - O 02 ^(jO - 0 04 8701 + 4 11 87 fl 8 

- O 02 ^7fl + 4 16 ^89 - 04 

- o 18 8743 - o 06 2^04 + 6 38 8700 

- o 26 8750 + 7 57 8791 

- o 22 8744 - o 04 8750 + 7 02 879 

- O oS ^30 - O 57 ^51 - o 09 ^53 + 12 04 8790 

+ 3 00 2^94 

- o 02 2^91 + 3 83 %r90 


— o 18 

— O 02 

+ 3 60 

+ 4 02 


— o o 3 8780 — o 06 ^87 + 6 41 8790 
+ 3 94. 8^5, 
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Section IX , Part 1 — dbtailbd einaii equations 


EACH LINE SBPAHATELT = o 



- 3 99 S *61 

+ 4 26 8^ 

+ 4 ai 8/iaj 

■“ 5 S4 BA54 

+ o i 3 8/i6 

+ a iS S/ig^ 

4 o 46 8/157 

- 3 56 o/ig, 

I - 10 8/jgj 

- 5 77 8A,u 

- 6 06 S/ifli + o oa 8/t^ 

3 63 8/ifl 

- S 78 87 ijj 

- S 35 8 Afli 

- X 5 8 8/i>gg 

- 1 44 

- 3 37 8 Aey 

- 9 86 B/tgs 

+ a 44 8ftgg 

- I 39 8A^ 

4* a 3 8 8 Ayi 

- o oa 8 /i y ^ 7 49 

- 3 70 8/L, 

- I Si 87 i 4 

- X 69 8A^r 

- 3 84 8Ayg 

“ 4 14 

- I *7 *Aj 8 

- a 17 8jt j 

- 5 93 8^80 

5 67 8/tq^ 

- X 53 8A0O 

- o oa 8A3, - 7 77 
+ o la 8^84 

- o oa BAjy 7 5 i 8^85 

+ 1 96 BAoa 

- Si 7 the , 

+ a 09 8^ 

- 3 65 8Abo 

- 4 a4 8/igi 
" 3 9^ 

+ o oa BAjo — 5 97 8Ajn 

+ O 17 8Ag4 

- X 81 8A^ 

- 3 66 SAof 
+ 1 9a 8A07 

- I 54 8Ap8 

4 a 00 8A99 

- a 14 8Ajoo 


— o 18 8A,oi 4 o oa 5Ago 4 o 18 8A^i - o oa 8A.,^i 

4 o ax 8A|i — o oa 8A<^ 4 o oa 8A^ ^ 

4 o oa 4 o oa — o ao BAgef 

— o 35 8/£^4 4 o 04 8A^ 

4 o 06 0A37 

4 o oa SAi74 

— o 04 8/ij5Q 4 o 38 8A«jq5 4 o 38 8A4Q0 

— o oS 8ft,jg^ 4 o 4a 8/ jgg 4 o 4a SAijpfl 

— o oa 8/ JQ9 H 0x6 8 /b^i 

— O 04 8/tgg 

— O 04 5 Aj(|Q 


4 o 1 3 8A j g 
- o la 8A^fls 
4 o 07 8An; 
4 o o3 SAjiq 


4 o o3 8A,; 


4 o oa 8/ - 0 17 8Afl 8 

— o ao 8Aao 4 o oa 8A^ 

- o 04 8 Aj5 

— o 06 8A|o 

- o 04 8 Aot 


4 o o3 8A^i^ 

- o 08 8A^^i 

- o 64 8^387 


4 o 06 8A,i 
o oa 8A^| 

— o oa 8 Aj94 

— 018 87^84 

— o 41 8Ajo 4 o 04 8A408 — o o 5 8A3 1 4 0 40 8^340 
4 o 04 


o oS 8Aj; 
4 o o5 8A1. 
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Sdofion IX Pabit 2 — DESAILCD IT^VL JX)UAII0HB 
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&B0110II IX Past 3 — bduhiEd viral bqttaitiohb 


Even I INI SEl VCAIELT = 


inr iBosuci sni is 



3 a/ 

8 4/ 








9 4/ 

1/ 

3 47 

6 7 

3 •/ 

17 


/ 

4/ 

6 7 




? •! 

7 / 

4/ 






3 / 

/ 

^ 4/ 

5 47 

3 7 

3 7 

5 ft 


5 / 

99 / 

6 47 






3 il 

5 1/ 

7 

7 4 47 

7 47 

5 / 

5 47 


5 / 

9 { 

5 V 

J 47 

3 7 

ft 

5 7 


5 / 

3? 7 

47 

3 / 

5 7 

Ift 


B V 

4/ 

5 47 

47 





♦ *! 

7 / 

6 47 







47 

8 V 

9 47 





V 

+5K 

Z*' 

3 7 47 

4^ 47 

B 4/ 

7 7 


V 

8 17 

4 7 

17 



9 V 

4a/ 

47 

h 


3 4ft 



7 W 

674/ 

5 47 

3 47 

6 tt 

5 47 

$ Ift 


6 V 

96 1/ 

5 47 




V 

47 

9 47 

3 17 

S Ift 




3 V 

64 47 

3 7 

7 

3 Ift 

5 aft 



5 tf 

8 4/ 

947 




- 

16 1/ 

S Bl 

3 4/ 

47 

1 47 

5 7 

9*7 

5 7 

5 47 

44* 

— 

7 

tf 

S 47 

3 47 

3 47 

5 17 



1/ 

Z “i 

1 7*7 

3 7 

3 17 

7 47 

3 Ift 

— 

1/ 

5 47 

5 7 




1/ 

B 47 

B 44 

5 47 





V 

5 tf 

6 7 






J 

* *1 


7*4 

47 7 

I Ift 

I Ift 


5 1/ 

{ 6 7 

5 7 




6 4/ 

747 

78 47 

44 7 

43 47 




6 1/ 

3 7 47 

447 

17 

3 7 

7 4ft 



5 4/ 

5 17 

- 6 4 1/ 

3 7 




*— 

1 

3l47 

9 4/ 

947 





7 

3 V 

- 90 4/ 

1 47 

5 17 

6 Ift 



3 tf 

47 

7! 47 

5 7 




4a/ 

47 

4/ 

47 

I 

3 47 



7 / 

5 47 

7 47 






6 4/ 

3 V 

87 V 

3 7 





/ 

69 47 

47 

1 7 

k 

6 Ift 



4/ 

1 44 

3 47 

3 5 17 

7 V 




3 4/ 

5 47 

B 17 

75 4ft 

94ft 




5 4/ 

47 






5 / 

6 47 







44 »/ 

6 7 

3 4/ 

7 47 

I U 

43 / 



94/ 

47 

9 47 

65 7 




4 «/ 

3 4/ 

7 

9 7 

4* 47 




5 1/ 

/ 

3 1/ 

4/ 

65 17 

3 4ft 

3 Ift 




6 47 







8 44 

5 44 

- 7 47 4/ 

5 47 

1 7 
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NUMERICAI LUNAR lUEORl 


SEOXION X 

SOLUTION OP TEE EQUATIONS OP SECTION IX 


1 ABT I — GrHmAJ BmiAAEs OH ran Stlps or Boloxiok 

Faai 2 — SoLuaiOH or ihl Eqhvuohb (lo No 100 ihoujbivj]) vnnm Aoinv or Lvhod 
Ditibobs 

Pabi 8 — &0IB1I0H or run Bobv%iohb (to No 100 iHOLxrjivB) wirn Suall Dimma 
BBQUiHiHa DirniRnHi znrATMiniT 

Pm 1 — PiuuiHAxioH or me UAa'nrui)]] or Tebiib or Toho Plbiod 
P m — Noti on inD Qursiion or Sioulvb ImiiB 

] VBT 6— llKAL LXTBnSlONB lOB iHI Go Lm&IENlS Or TUD EquASIONB 01 MOOH B 
Eoupiic EArnjB Ybotob, ahd Lohoiihhl on aebuupiiom or Sraiaicvr 
EABrn AHD Invabtabu} Soi \b Obbtc 

Pabt 7 — PiHAL DxPBOTSioira roB niL CormoiiMraB or me Dquakohb or im 
Mooh b liiAiTuer on iht baud surPOsmoHB 

J ABT 8 — Bduabkb or HIT OoBBDcmoN or TnD Oboeiad Euoiiinis 
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inJMBEIOAL LUNAR THEORY 


Section X — Solution of the Equations of Section IX 

Pa'it 1 —General Remarks m the Steps of Solution 
Each hue of tiie equations of Section IX is an equation independent of every othci equation, 
and (as the number of equations, after Nos 1 and 301, is the same as the numboi of unknown 
quantities) is competent to furnish a definite value foi each unknown quantity But tlio 
great complexity of the equations makes it impiacticable to solve them 'll! by one gcnoi*ilpioccsy, 
or even to lestiict the mode of solution to one (dass of operations But some suggestions may 
be made, tendmg to limit the modes of operation and to assuie the accuiacy of cveiy losult 
It seems proper first to call attention to the necessity of solvmg simidtaneously the two 
suboidmate equations m each hne of the S Equations (lo) and (i i) of Section IX The aiguments 
of the great periodical teims m corresponding hues of the two equations aie the same , tho 
larger attached terms are similai, and the smallei attached terms aio similai Tho tWo equa- 
tions of each No must m fact be mcorpoiated, m the ways which aie most propei foi obtainin g 
the desired results, and the solutions must go on pcbii pd^su The form and natuie of tho 
solutions wiU depend m a most important degree on the adhesion to this piinciplo 
Next, it will be remarked that the equations, about q,oo m numbei, are so connected succes- 
sively, that, logically considered, all ought to be solved simultaneously As this is impi act j cable, 
we are compelled to treat each couplet (mcludmg the equations with tho same No m S Equation 
(lo) and S Equation S (ii) ) separately fiom those in other couplets Wc cannot thus avoid the 
mtroduction of small multiples of the less important terms m each couplet, and wo must 
carefully retain them, because it is by them that the successive connexion (to which wo have 
just alluded) is really maintamed Wo may rely on tire results of otlier equations iavouiable for 
the very approximate numerical determmation of those which are heio tho loss important, and 
the result of the solution of the couple, thus supplemented, may bo coitamly accurate 

It wiU, however, appear that the method, which is perfectly successful m the nrajoiity ot 
cases, does (for reasons which will be assigned) fail m others But we are enabled m those cases 
to substitute a different method adapted to their pecuhaiities, which appears quite satisfactory 
And, finally, it will be remarked that the mean excentricity of tho Moon's orbit, and tho moan 
mclination of its plane to the ediptio, are elements m its original constitution which cannot 
really be inferred or corrected from theory And, theieforo, adoptmg 7^2 and as tho 
algebraical terms which best represent these elements, SA 2 = o, and SZcgoi = o Apparently, an 
msignificanb value is attributed to which is to be ie]ectcd 
The treatment of the terms of 8 Equation (li^) scarcely requires notice In each lino, an 
approximate value of 8A will be foimed, by neglectmg all terms after tho first , and then thi« 
value, as well as Sgf and SA, is to be used for improving the numeiical term in those Jmos in which 
it enters with a small co efficient 

Pa/rt 2 — SohiMon of the Equatiom to No 100 mchievoe^ which ad/imt of large dwisors 
The greater part of these equations may be solved by a simple and uniform process, m tho 
accuracy of which much confidence may he placed Oorie&ponding equations aro to be used, ono 



SECriON X — FIBST MODE OF SOlVINa THE EQUATIONS OP SECTION IN 


12o 


deiived fiom S Equation (lo), and the othei fiom S Equation (it) Thus (taking a couplet at 
hazard) we have foi No i8, 

Eiom 8 Equation (lo) 

o = - 924 + 5 9^ 8^/13 - ^ ^2 BK - o 34 Sgn - o 15 SiTofl + 0 14 S/csso - o 13 

Eiom 8 Equation (ii) 

o = - 551 + 3 42 dgia-i 95 BJiis —o 02 89^3 - o 10 Sgi* - 0 09 S^ob + o 02 8A3 

+ 0 25 S^j, + o 07 8Ji(56 + o 13 SX/jj, - 0 15 S/Sb^ 

The co-efficionts of the teims following the thiee fiist in each equation aa^ small Neglectmg 
them m the first instance, we have two equations remammg, suitable fof the deteimination of 
appioximate values of foim of solution is this — 


Befc9 ence No 1 8 

A7 gummt \ — 2/ j 


8 EQUATION (lo) 

r [a] Excess 

1 -9H 

[5] JB actor of hg 

+ 5 97 

[c] Factor of SA 

— 3 4a 

» EQUATION (ii) 

r [d] Excess 

1 - 55 i 

[e] Pactoi of iff 

-t -5 42 

[f] Faetoi of 8A 

— 2 95 


ce~ — 1 1 6g 

dcs= + 1884 

«e= — 3 i 6 o 


bf= —17 61 

cf3= 4- 2725 

db =: — 3289 


— 5 q2 

1 

il 

1 

QO 

a€-~db=:+ 129 


= divisoi 

= di\ iclond foi hg 

= diTidend foi 



8^ = + 142 

8/i = —22 


The same piocoss is followed foi ovoiy No in the entiio senes, givmg in each case values of 
its og and 8A, m most mstances fairly appioxunato The approximate solution of the equations 
(to be mentioned shoitly), giving the numerical values of 8^, is veiy simple On examining all 
those values, it will be found that thete aie teims (Sgp S^ii, &c , S 7 ig, &c , hkxg, &c) corresponding 
to those which were neglected m the treatment of No 18 (above) Substitutmg then numeiical 
values, multiplying them by the small co efficients included m the equations No 18 of 
8 Equation (10) and 8 Equation (11), and adding the products to the nnmencal terms (— 924 and 
— 331 respectively) of these two equations, we have two equations of the simplest character foi 
two unknown quantities Ec-solving these equations, we obtam very approximate values foi 
8gi8 and 8^13 

The follc/wing Table contams the results of apphcation of this piocess to the greatei poition of 
the equations of Section IX The reasons foi abandomng this piocess m leference to the 
remaining equations, and the results of applymg a different piocess, will be given m the next 
sub-section 

X 2 
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NUMERICAL LUNAR THEORY 


Solution op the Equations op Section IX 

Pa/rt 2 — Investigation of the Nmiei wal Values of og cmd %, foi Teo ma ad/niittmg ho go Dioi^oo s 









Section X— new solution oe the equapions or section ix 
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Pait 3 — New Investigation of the Nnvie'i ical Values of Sy and 8A, foi Teims not admitting 

Laige Bivisois 

It will be convoment now to examine tbo constitution of the numbeis employed m the last 
solutions Wo will wiite the equations tlius, 

o = a + 6 Sflf + 0 111 , 

o = cz + 0 S 7 “H y S/i 

It will bo lemombcied that a and d aio the Numoiical Teim«- in tho lines of Section IX 
conespondmg to the No and Argument of tho Imo m question, and that (6, e,) (c, /) oie 
CO efficients of (o^/), (S/^i ^ tho samo line , and that all these have been taken fiom the Pioduct- 
Sheets , whicli havo been formed by nmneiical development of tho Modified Faotoiial Table in 
Section VITI 

FiomHho equations written above, wo obtain — 


o = ao + he Sy + ce 8A 

o = 6cZ + Sflr + &/ 7ih 


0 

II 

1 

+ 0 H (< 5 « — f»/) 3 /i 

0 = af 

+ if + of Bh 

II 

0 

+ ce Brj + of hh 

0 = (af — cd) 

+ (hf — oe) Sf/ + 0 


Therefoie — 


^ cd — af 

00 = 01 


i\7 — hd 


od 

cf' 


c* 

y 

t » 
■/ 


01 ::= 


01 = •*“ 


a 

c 

e* 

7 

u 

il 

< 

7 


Tho fiist of the foims foi each element is tho most convoment foi use, but the second 01 thud 
gives a cleaaei idea of the effect of special lelations between tho numbeis employed 

If 6 c e /, 01 if 6 0 c f (which aio equivalent compaiisons of piopoitions), then the 
denominatoi = o , and the equations aic useless 


If the actual piopoitions, in any case beioie us, aio not exactly equal, but differ httle from 
equality , then the lesults foi ^g and Wi aie laige, and a tiiflmg error in &, e, 6, or f will produce 
a veiy laige eiioi m the results foi ^g and J/t 

This leads to the necessity of adopting, foi those oases, a diffeient piocess of solution, 
described in the following paiagraphs — 

On exammation it appears that forty-three of tho equations following No 7 (oi moie than 
two fifths of the whole) are in the state desciibed at the end of tho last paragiaph And the 
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leason 19 this In developing the opeiations of Section VIII, teims of tho \aiiou'> seiits taLon 
fiom Sections II, III, &ic, are multiplied by sin I 01 cos I, and pioduce toims whoso aigumonts 
diffei fiom the oiiginals only by I, but which have tho same piopoition of co eflSicionts foi + I 
and — I AT'd T?-hen these oie multiplied back sgam m the operations ]ust dosciibed foi 
finfliTig 8^ and Wi, so as to exhibit equations coiiospondmg to the oiigmal aigumont, those 

which have been derived thiough + I and — I will have tho same piopoition in thou places m 

the two teims hf and ce Examination of tho numeiical opeiation will make this moi c cloai 

To illustrate the couise which wiU now be puisued, wo will take ono pan of these turns. 
No 15, Argument Sf They are the following, 

Fiom 8' Equation (10), — 336 + 3 003 — o 149 ~ o> 

Fiom 8 Equation (11)— 9 + 0 149 Sgi — o 006 SZij = o 

On account of the similaiity of piopoitions which I have montionod (namely, the appioxiinate 
equahty of and I cannot tieat them as sopaiato equations And as I h ive no 1 ( won 
foi piesummg on the supenoi accuiaey of eithoi, I shall simply add them, and thus /oi m the 
smgle equation, 

-345 + 3 Sffio — o ^55 oK = o 

To sepaiate the two mequahtios 8<7is and 8^1 > I lomaik that summation of all the vnlius 
of Sff and Sh (without legaid of sign), deiivod m each case fiom the solution of each ol tli< pan s 
of tv o equations connectmg unknown quantitie:, (exhibited in piccedmg pages, Pait 3) shovs 
that the eiiois of the equations oio almost entirely derived fiom 89, and that ve may take v illi 
sufficient exactness 89 = 3 j 8/i Assummg this piopoition to apply genci ally to tin i(|uations 
now befoie us 

-345 + 3 X *5 X S^'i - o 155 = o. 

01 — 345 + 7863 8/tK( = o, 

87ti = d 3 T, 8^1 = + 77 

The tieatment of tho equations is not stiiotly accuiato , but, m its piactical 1 osult, I boluu e 
that it IS scaicely mfoiioi to tho moio complete investigation 

Thus the foUowmg Table has been foiinod 

Pait 3 — ImeebigaUmi ofihe N’wmeiical FaZites ofig and oli,fc» Toms iiol ddmiLling Itni/i 

D^<morb 






KlsuIn I 

No 

Aignment 

5 Pquation (io)=o 

8 Equation (11) =jo 







8y 

8/f 

2 

1 

+ 366 +3 99 X 8^ 97 

+ 198 \-i 98 X 8// —0 99 X 87 j 

— 96 1 

^ 9 

3 

2 2) — Z 

-1578 +3 74 xo^i —I 71 xSAj 

- 698 +i 71 x8r/j -0 71 x 87 i, 

+ 4 z 5 3 

+ 17 0 

8 

a2) - 5 

+ 58 +3 62 X — I 56 x 5 /iq 

H 3 S +1 56 X 8(/a — o 62 x 5 /ig 

- 18 3 


9 

Z— S 

-1093 + 3 85 xSgr, -I 83 x8/iq 

— S14 +i 83 X 85rj —0 84 x 87 jj 

+ 288 3 

(11 ? 

zo 

D 

+ 639 + 3 86 x 8/7io —I 83 x 8/tiy 

H 292+1 83 x8f/j(, -0 86 xS/tu, 

-166 8 

— ^ r> 7 

11 

Z + S 

1- 45« +4 14 -2 12 x 5 /iij 

+ -32 +2 I- x87h —1 14 xS/ijj 

^iil 6 

- 4 5 

12 

2/- 1 

— i 5 +4 04 x8(yi —2 02 xSA-i 

+ 2 +2 02 X — I o 3 X 87 /i 

4 2 2 

+ 01 

i 5 

s 

- 239 +3 002x8^1 —0 i49x8/jig 

— 9+0 149x81/1 —0 oo6xB/tj 

\ 7S 8 

4 3 2 

16 

- Z+ S 

-1643 +3 88 x 8^i^ -I 86 xJ/iir 

- 786 +1 86 x8(/ir —0 87 x 87 ijf 

1 4 

I 17 3 

19 

2 2 ) -2 Z 

+ 241 +3 02 x8^jj +0 26 x 87 ijg 

— 26 —0 a6 x8yi, —0 02 xS 7 iij 

- 77 *7 

- 3 X 
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Pm t 3 Invedii/ation of tU ITwnei lud Vcdues, of ig >md oh, foi To mi, not adnUtmcj lai ge 

Piviaois — completed 



Fait i—JSmmmatwn of tlie Magnitude ofTeims of Long F&tiod 

It appoare desiiablo to show, at lea&t m ono instance, the eflToet that wo may expect to find 
generally m the co eflicients, of teims of long peiiod, pioduced by the length ol then peuods 
There are scveial instances in the senes ot toims foUovnng No loo (at which om complete 
investigations have stopped), which merit attention, especially Nos loi, lojj, io8, 147, zoo, Of 
those, I select No loa, aignment |2)-i + iSf], as the teim of longest peiiod, its ‘'movement” 
m the table of Section II, Pait 2, being + o 0084513, and its peiiod m oibital levolutions 

I 0000000 o rt / 1 

0 - 508451^ 0^ 3»5. 01 8 76 years neaily 

The Modified Factorial Table of Section VIII is adapted to this mqmry We are to 
search out, as substitutes for S m that table, eveiy aigument (mcludmg No loa) which, com- 




No of lime of 
Factorial Table 
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bined with the teims on the left side of the table, will pioduco No loa , the nniltiii lieations 
theie indicated aie to be peifoimed, every teim of the form cos |i)— J + A»'l oi 
sm |D — i + (S| IS to be retained , and the sum of all is to equal o 

With one exception (namely, the co-effioiont of I3D — ai + , an exceedingly small toiiii, 

not sensible in p%Tfl.1kx 01 longitude, lequiied here foi combination with jaU — il)ovoiy term 
reqnned m the mvestigation is to be found m Section H 01 Section IX 

We pioceed now with the calculations, aiianged m tabulai foim — 


Mmnmoi/mb of tlie Magnitude of a Teim of Long Pei tod 

Argument of Term undoi consideration = Z) — Z + ^ No 102, Equition (10) 


Left side of Modified 
Factonal Table 


+ 2 996 
— o 0 S 4 cos I 


“0 007 cos 1 iJJ^l I 

- O 024 COR 1 - -D I 

+ 0 oo 5 cos 1 - 1 1 


Bight side of Modifi.od 
Factoiial Tible 
(omitting m and m ) 


0(7 X cos H 


3oio ^ cos I ^ I -b 1 
r + S X cos l^ + iSr I 


L-2XC0B I i)— aZ + A 
- 3 X cos I - S I 


r + i XC 06 I 31>-Z+ A I 
i--9XC0 p5 + Z— iS I 
+i6xeos fiTTrrsn 


Pioduot of 
Colnirms a and 3 
(omittmt mcfltchve tcims) 


Z| 7n or m 
coins 
ponding to 
Column 3 


Viodutt of 
C'^olunuiH i} and 5 


+ 2 996 X tos I V—l h S I 
-o i 3 S X cos 1 S I 

+ o 054 X cos I S 1 

+ 0 oil X LOS I D — l h S I 
— o 012 X cos 
+ o 108 X cos pD— / + S I 
ho 040 X cos [ i>-Z-rs”| 


+ 1 

f-i 

I 

h X 
I I 
4 1 
hi 
H 


— 0 214 sm i 


-o o 32 sm 1 2 Z)— Z I 
-o o 53 sm [ 2 D | 


“X oo 5 
+ 0 i 63 cos Z 


+ 0 028 cos I a 2 >— Z 
+ 0 021 COB I - 2 > I 


X 6in H 


■ + S X am I ^ I 


• - 2 X 8 in 1 Z)— 2 Z+ >S I 


- 3 X sm I J) — 6 I 


■ + i xsm I 3Z>— Z+ jSf I 

■ -9XBm I J) + l^S I 


57 X cos H 


^9io xoos 1 i>-Z + 6 


■ +S xcos I I) + S I 


— 2XC08 I Z>-2Z+4> ] 

" 3 X cos l-D-SI 


■ + x XCOS I 3 Z)— Z+ 5 j 
‘-9 xcos I i> + Z— j 


— o 533 X coh I JO— I h S 


— o 214 xcos 1 Z>— /h S I 
+ 0 048 X cos P D-i \rS I 

— o 026 xcos I Z+ S I 
ho 238 xcos 1 2J—1+ S I 


-I 0058^10 xcos fZ>-Z h S 
+ O 408 X COB I iT 1 

— o i 63 xco 8 I' D— 1 + S"j 
o 042 X cos I S I 

+ 0 010 xcos f Z— Z+ S I 


— O 094 + COB 1 Z> — /+ S I 


— 1 0000 
ho 9831 
-0 8504 
-I 8588 

— I 8419 


42 996 X X (OH I /<>-/ 4 S 
-0 x 35 X cos |“/;'-Z I S I 

ho 0 S 4 X cos I 1 s I 

10 oil X cos I t)^l \ s I 

— 0 0 X 2 A COK I /;-./ 4 S I 

4 0 108 X COH I /^ -/ I S [ 

4 0 004 X COH I /;-/^ S I 


-o 00007 
-X 0000 
-o 966 
-O 723 
-3 457 
-3 394 


40 53*! X cob I 7,^ — / 4 S I 

— 0 2XX X COM \ D — I Cs I 

-0 041x004. I /7-/h*Sl 
ho 048X cos 1 I)-l h S I 

— o 439 X ooh I I)—i 4 S I 


■4 o 000 X y cos I J) — l 4 S 

— o 408 X COM I /; ./ f S I 

+ 0 x58 X COM I 0-~ / h S I 

+ 0 o3i X 00s I S"| 

-o o38 X cos I /7- / 4 S I 
+ 0 372 X cos I /;-/ 4 s I 
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Jfo of Lme of 
Factoiial Table 

I eft suit oi IVlodifltd 

1 < ictoii a I iblc 

3 

Bi^ht side of Modified 

1 votoiial T ibiG 
(omittm^g m and m ) 

4 

Pioduct ot 

Columris a and 3 
(omitting meftective tcims) 

5 

ij »i 01 m 
cones 
ponding to 
Column 3 

4 


' 5 /i X sm U 


4*1 


( — 0 ooo 5 sin 1 ) 


1 0 000 



— 0 oo 3 sm 1 « 7 )—/ 1 

0 X sm 1 7 >~ S~| 

0 000 



ho 017 sin \I Ij] 

^ --X sm I- S 1 

— 0 017 X cos 1 77 —/+ S 1 

h I 



T* - 5 X sin 1 7; H /- S j 

— 0 042 xcos P77— /+ s 1 

■h I 


Piodiict of 
Colimms 4 and 5 


-Q 017 X cos + 6 I 

-o 042 X cos 1^-/4. s I 


-I 9i>9 

(4 0006 tos /) 

+ 0 00? cos I « /T-Ti 

— o 009 coq I a I ) 


S/i X (OS 4A 
| 5 /fci(, xcos I H s , 



-I 992 

I 109 cos / 

H 022 cos ITD— Z I 
+ 006 cos I ^JU I 


07 X (OS II 

■ H “J X cos fTTT" ^ 

. -2 X cos I A>-^/4 S I 
- 3 X COH \ D-S\ 

r f ixeoH I 3 /->-/ hiS [ 
L + 9 X cos I i>4 7-^S‘j 

5 / X sm ir 
| 57 ](, X Sin fTTlTT S I 

oxfim yu+T'i 

o X Bin |7J^/T5 I 
oxsm p/>Zrs I 
X mu fizTlTTV] 
^ 5 xsin I S I 


Ho 368 X sill fi>— /4 s I 
H o 107 X sill I />— / f S I 
4 0 oa |. A sill \ I I 
1 4- o 014 X hin I zfLTijrv'i 
ho X26x8m |"ir7T~S'"( 


-1 992 5 (/io X8111 I 7 ^-/ I- s'] 
o 000 

O 000 
O 000 

-o 006 xsm \ 6 I 

4 o 0 x 5 X sm S I 


X Hin H 

^10 xsin I- A I 

r 0 X sin flT+T] 

L oxsm ri^-a^-h S 
o X bin fjb~S I 
'-zxam I 3 X >-^4 6 | 


— o ooa ShiQo X sm 5 “| 


1 


I 

so a 68 X sm | 7 »— / f- ^ ( 

I 

ho 107 V sin 1 tkIJ+XJ 

I 

4 0 024 X sm 1 s 1 

1 

4-0 014 X Mil 1 / 7 -/+i“| 

I 

4-0 ia6xsin | Z>— /+ S'] 

— 111 


1 

0 

§ 

00 


4-0 oi68 $( 7 ]o / sm j 77 -/ 17 ^] 

— I 0000 

ho 9831 
—0 85 o 4 
-I 8588 


4 0 on xsin 1 D^l+s f 

— I 84x9 

-0 0.7 xsm 1 Z»-/+ S I 

I 


x 

-0 002 J/ijflaXbm 1 tJZT+T] 

X 

/ 

I 


1 


1 

-0 oi 7 Xflm 1 77 -Z+iS 1 

* 

+ 0 04ax8in J f.^ | 


7 
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Pwit 4 — Exainvnation of ilu 3IagmtVi<jl( of u Tcnni of Lo^v/ I'd tod — coinpli U < I 


Argument of Teim nncki consulei-ition =D — I+S No 102 1 < tinulum ( n ) 




2 


3 

4 

5 







i 

Lett side of Modified 
Faotoiial lable 

l^ight side of Modified 

L ad dial labk 
w ind w ) 

Viodmt oi 

C oluinnb 2 and 3 
(omitliii^ meffittno fuius) 

I 7/1 01 7 n 

(OtllH 

]iondnv 
( ohinm 3 


Piodmt ol 
( olmims \. md 

14 


r 

Sh X 

CO II 










+ 

108 sm 2 

r + S X toi 

1 ill S( 

—0 270 X Bin 1 7^—2 h S 1 

t X 0000 

— 0 

570 

sm 

1 

1 1 

'*1 



1 — - X tos 

1 a 2 1 - S 1 

—0 io8 X Hill 1 77 — 2 t S 1 

-0 9831 

1 0 

lUfl 

Hin 

1 

/ i 

'*1 


+ 

016 sm 1 2 2 1 

-3 xcos 

1 w- s 1 

— 0 02 A y *<111 1 77—2 H S [ 

{ 0 8*)04 

0 

c 0 

Mil 

1 « 

/ 1 





J + 1 X cos 

1 30 -U S 1 

—0 014X sin 1 77 — 2 1 S 1 

1 I X 38 » 

0 

07 7> 

sm 

1 7 /-/ 1 

M 


+ 

0-7 sin 1 2 i> 1 

1 — 9 X cos 

r/;T2~i 

— 0 122 X sin 1 77 —/ f S 1 

t X 84x9 

— n 

72 ^ 

111 

1 0 

/ • 

M 

15 



ih 1 

sm // 


m 








+ i 

10 

0 

0 

HhiQ X mil 1 JJ^l 1 s] 

\ 1 ooCtihn) xsm 1 77 — 2 H S | 

—0 ooo 3 

0 

000 







I 08 cos 1 

r ox Mil 

1 H S 1 

0 000 

— I oon 









J 











L ox sill 

1 j)- 2 l 1 S 1 

0 000 

— 0 ijCift 








- 

019 cos 1 

0 X sm 

flJ- s 1 

0 000 

-0 7 a 3 









01 5 cos [ZlJ 1 

r — a X sm 

1 3/;-2 h S 1 

-Ho oiSxHui 1 77-2 \ S 1 

A’iy 

- r» 

oSi 

Nil 

1 

1 

M 



1 - 5 X sm 

1 /^l2-S 1 

-0 o 3 S)- sm 1 77-2 f S | 

- T 

1 0 

i?ft ^ Hin 

1 n 

/I 

s 1 


Collecting and sumniing tlio tains fioiii tlioso two tallies, wo Imd Ilu* lollowin,^ 
equations — 

From E(inaliou (ro), + a 996 x — o 017 x oAki. — 37 ss o , 

From Equation (ii), + o 017 x — o oo» x oh oj - i«7 =0 

And we have now to decide on tho piocess to lio adopted loi solution of the si i (pint tons 

We are heie in a difiiculty piocisoly suuiUi to that m Vai 1 3 ol this Mi ttion We lia\i 1« foil 
us two equations which, pliysieally, aii o\co<'(lmgly iniiqiial (the physical imils 1 h mg Ihi* sjuiu ) 
If we assume both to be acouiate, wo obtain, lor solutions, luiiiibeis i \havnganll> laigi 
If we make, in tho smalloi equation, jm tty numeiical thangi s, suoh as touhl well lie adopti d a* 
consistent with the possibility of small eiiois, wo piodncr enormous changes 111 inagntliide oi tin 
results, 01 even change of fogn Tho host comhinaiion oi tho equations which it is jiossiliU to 
make appeals to he their simple sum , 01 

d 3 013 X (5(7ioi - o 019 — aa4 = o 

But we must have anotliei equation oz anothoi condition, and hiui I pioposi, as ui Pail of 
this Section, to assume that gi/ = *5 x g/t This changes tho equation into 3 - ai4 = o , 

74, Shict — 4- <f 

The value of ggioa represents a tcim in the direction of radius veotoi, whoso lueaHttii is flu 
length of nearly i" 5 on tho Moon’s 01 hit, it is totally insensible to obseivatioa ^flu* value eif 
gAio2 lepiesents a term in longitude = o" 06 noailj. , it is loo small to bo soon 
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1 (to i j Oti the 'po'^sfihilitjj of o/ifito oclu/C'bUfji ScmIclt T&iTYis 

I have not digcovoied any tom ol Seculax Teims which can satisfy the equations applying to 
the Moon’s co oidinates , unless the motions of the Sun oi the Planets me affected by some 
socul'u cause umocoguizod in the pieceding investigations 

To mathematicians who desue to o^amme this question, I would suggest that gioat simplicity 
IS intioduccd by omitting ali toiins depending in anj way on/, l,ox S, but tint the ictention 
of the simple aiguinents D, \%D\, ) 3 D|, &c is mdispcnsablo as they aie necossaiy elements in 
the ovpiossion of movoment in a system in which the Moon’s motions aie distobcd by the 
atti action oi the Sun , ^ 


Pait 6 Final evpus'jwn^i fo? the Moon’s Hot irsowtal FqvMioieal Faiallua, ami Longitude, 

^ on rts6 umpfion of SplM teed Lm tk and Invai lahh adkvt Otbit 

The co-eflicients iindei the headmg “ vtluc ot fuithoi eoriected,” which coiiespond to ladius 
looooooo, aie conveitid into co elhcients eoiiespondmg to the Sexagesimal Equivalent of 
Paiallax, by the lunltiplioi 

^ X I ooooooo 
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POffitB — BssvXta of the entvte Invebfigation of I/mun JSUiptti lontiinud 




i,i 

23 


It 


26 

aS 

29 

30 


3i 

3- 

33 

34 

35 


36 

37 

38 

39 
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41 

42 

43 

44 

45 


46 

47 

48 

49 

50 


51 

52 

53 

54 

55 


56 

ll 

59 

60 


61 

62 

63 

64 

65 


TERM 

OOTB'PICTTNT OJ< OOSlNI Ol AlK.UMl'NT 

( 0 l<iMa( II NI 01< 
()I< AK(<IIM1M 

siNl' 


Assumed Value 

of -» Column i, 

Vnliu ol 


Com spomliUp, 
iMluuioicul 

Ai4>,unu (1 
Valiu 1)1 V 
coijcdc d 

1*01 6h 

< on\uUd 

Aifeumont 

7 

collected fot 
the QumlMiis 111 

S( ction V 

/ 

iuitlur collected 
loi 

11 01 i/ont U 
l*ai illii't, 
bt xai^t Hinial 

\ aim ol } 1 

St X if,t *.inml 






/ 

// 



/ 

/ 

aZ) + 1 - S 

1 

S75 

f 

674 

4 

23 


70S 

1 

If 6 


1 

57- 

•f 

765 

\ 

-7 


<.71 

1 

i1 9 

TJ + S 

4 

439 

4 

444 

4 

iS 

♦ 

SSy 

1 

iS 1 

aJ? - 2/ 

— 

3-0 

— 

3on 

— 

10 

\ 
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♦f 

S', - 

S 

I- 

3oi 

4 

371 


12 

\ 

477 

1 

y ■< 

2D - 3/ 
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1 
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i 

1 ) 1 

i> H 1 

— 
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— 
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S07 
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3 00 
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10 

— 

3-^x 


7 7 
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— 
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— 

243 

— 

oS 

\ 

9 

i 

% 

a JD — a S 

1 

a— 

4 

aCp 

{ 

09 

\ 

397 

1 

8 2 
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139 


o5 
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6 t 

aD — Z - 2 S 

1 

i3- 

4 

n- 

1 

o5 

\ 
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f 

7 5 
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\ 
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X18 
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H 
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4 
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o3 

1 

12S 

i 

a 6 
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4 

46 
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4 
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43 


44 


02 
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6 
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4 

3.J 

( 

So 

1 

02 

i 
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1 1 
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4 
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02 

i 

xat 

] 

1 9 
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38 


S', 
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0- 
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1 
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1 

24 

Z’; 

4 

01 

02 

1 
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57 

1 
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a/ 
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- 

35 

a6 
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ox 
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- 
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ox 
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16 

3i 

1 
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- 
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16 
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1 

4 

f 

ox 

rx 

ox 

ox 

ox 

! - 
I \ 

9 

KOh 

.0 

7^ 

31 


6 

4 

X 5 

7 

3Z4 S 
aZ) - a/ 4 a Z 

Zl ^ aZ 

aH + z^ a 

3ZI ^aZ 

4 

iS 

*9 

19 

15 

16 

4 

J2 

16 

35 

34 

aS 

f 

01 

01 

01 

ox 

ox 

1 ^ 

1 

1 

33 

21 

35 

16 

58 

1 

7 

4 

7 

/ 

X 2 
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Pait Q—Re'^U of the min/re Imveakgahon of Lvmm Eclvphe completed 



Pa/ri 7 — Fvml ea^esewms for the Moon’s laMude, on assv/mptwn of Spheii/xd Ea/itli amd 

Invmmhle Bolwr (hh%t 

The equations relating to the collection of the Moon’s veitical distance fiom the plane of the 
ecliptic (-which is sensibly the same as the coneotion of the Moon’s latitude) aie so simple^ that; 
the whole of the operations for the solution of the equations m the thud di-visiou of Section IX 
by asceitainmg and applying the values of 11, can he included in the two small tables 
foUowmg 

The piimary co efficient of latitude is adopted from Delaunay 
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Section X — solution op the equations op section dc 
PoAt 7 — F^noil eayjpresswns for the Moons LaMudt 


Go efficient Co efficient 

of 8 ine of a ^ of bine of « i 

<^ 3 , "SSSf »• a. 5 u.„. 

5 / U 


JOI f 

JO- f-i I 

So, y 2 

004 2 7 ? — / 

3 o 5 2I>^ /- I 


jo 6 2 jD — 
J07 zD ^ 
,Qh 


/■- I 

f 

f^%l 


/+ I 


Sii *zD^ f - 

312 2 — f ^ zl 

3 1 3 2 J>+ /•+ 2 

3 x 4 2 Z>- / — 

3 iS 2D+ /- 2 - 


z 7 ? + / 
2 D- /- 
/- 


+ 895027 

+ 48974 

4 48^06 

+ 30237 

+ 9678 

+ 8 o 56 

+ 06S4 

+ 3 006 

+ j6i8 

— 1 602 


3 a 6 f ^ S 

327 - / 

32S /+ 32 

4 D - f 

33 o 4D + /- 2 

3 /- 2 
33 - 4D + y - 22 

333 2 D~ 3 y 

334 2D— f + zl 

3 iS 2D + y “ 2 + jS 

336 zD ^ f 2 - 6 

337 2 D 4 /- 22 

338 /- 3 2 

339 2 D 4 f + zl 

340 2D— / — 3 2 

341 2D- / 4 S 

342 zD ^ f ^ 24 5 

343 2 D- / -zS 

344 2 D 4 y *4 2 — iS 

34s 4i>H / 

346 3 / 4 / 

347 2 D - / 4 2 4 S 

348 D- / 4 5 

349 D 4 y* 4/5 

3 So / 4 2 2 — 5 


7 41 3 
16 5 o 2 
16 40 5 
10 23 7 
3 19 6 

2 46 2 
I 57 2 
z 20 
33 4 
33 o 


351 -D- /-22- 5 

352 D 4 y 4 2 

353 /* 4 2 2 H S 

354 D- /4 2 

355 4 D- /-22 ^ 

356 4 D- /- 2 - Sf 

jS? H.D - J + I 

358 4 D- / -5 

359 JD~ f- I 

360 2 D 4 y 


- 2 5 4 


362 2 D-3y- 2 ' 

363 f -^ zl ^ S 

364 2D4 /— 2 — 2/S 

365 /-.aZ4 S 

366 2 D - 3 / 4 2 

367 3 D— /- 2 

368 /4 4 i 

369 aD- /- 2-25 

370 4D 4 /- 2 - S 

371 2 D 4 3 /- 2 

372 aD 4 /-32 

373 277 4 y H 24 S 

37+ 4 . 7 )-- J ^ 2 4 S 

375 4D I y- 22- S 

376 3 D 4 /- 2 

377 4D4 /4 2 

J7S 2 D — / 4 3 2 
379 2D43/' 

3 bo 0 4^-2 

3 Si 3 /-a 2 

382 2 7; 4 / 4 3 2 

383 2D— yh22— jS 

384 2 D — y 4 2/5 

i 85 3/422 

386 aD- /-42 

387 4D- y 4 /S 

388 4 D ^ / - S 

389 D 4 7 4 2 4 5 

390 aD4 / 422 — 5 

391 y -aiS 

392 / 4 2/5 

393 /+ 2-2 5 

394 y 4 2 4 2 /S 

395 /+3Z- s 

396 /+ 3 Z+ 5 f 

397 / - 2 - a iS 

398 / "" 2 4 2 S' 

399 /- 32 - 5 

400 / — 3 2 4 S 



4 

l 3 

- 

iS 

- 

14 



With these Tables teiminates the discussion of the magnitude of co-effioientfa of separate teims 
as depending on the assumptions of Sphorieal Eaith and Undisturbed Position of the Solai Orbit 


4 ^ 
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Section X — Solitiion of the Equations of Section IX 

PoAt 8 — RemaiLb on the Collection of the Oibital EUment'i 

In the piecechng steps of the Solution of the Individual Equations deiivetl tioin the in xss ol 
equations which aie viitually collected in Equation (lo), Equation (ii), Equvtion (ri), I ha\(, 
in 01 del to dimmish the gieat complexity of the case tieited the equitions by supposing that 
they might he sepaiated into two classes (namely, those wmch apply to Individual Ooclhcionts 
of Inequalities and thosff which show the effects of eirois of Geneial Oibital Elements applying 

to aU) , and I ha\e tacitly assumed that tliese two classes might be tieitod sopaiately avitboul 
matenal eiior 

The class of Indi/idual Coefficients has been discussed at gieat length 

Theie lemains now, to be e\amined the class of Oibital Elements Ot thcsi, as a])]ilyiiig to 
the Plane of the Echptic (the movement poiollel to that piano being not sensibly ilkctid by 
small eiiois in the teims of latitude), there is, in peifect aeomacy of 1 onguagi , only one uroi, 
namely, that of the movempnt of aigument of elliptic inequality , although it will be coimnw iit 
to use, foi its investigation, the supposition of two inequalities, with iigumcnts ol tin sanu 
period , one applying to radius vectoi, the othoi applying to longitude 

Eoi this pmjiose I have taken account of all the teims as fii as No 25 omittmi. <ill ni wlucli 
the argument u merely a multiple of I, and also omitting all in whieli I does not apjien And 
I have divided these adopted teims mto two classes, distinguished by the sign ol / ju tln^ 
aigument For the numerical terms unconected I have adopted the loading numbiis in 
Section rx. Parts 1 and 2, changing the signs of all, to show the coirection k quiiid For tin 
coirections to g and h ($g and Sh), I have lefprieu to Section X, Paits 2 and i 


Mamimtion of the of ReavUs, at, connected %mth the cign of I vn the Ait/munU 

(1 ) When the sign of Z m the Aigument is positive 



Sign 'ind 
Mnitip e 

Correction reqmied 

Conection lequuod 

Correction found 

Collection louiul 


of 1 in the 

by Numencal Term 

hy Nomeiictl lerm 

foi q 



Aigument 

of Equaton (lo) 

of Equation 

foi Iquition (lo) 

foi Equation (ij) 

6 

+ I 

+ 647 


+ 385 


+ n 


1 

+ 2 

“ 

9 

+ I 

+ 1080 


+ S06 


+ 288 


+ 12 


11 

+ I 


- 45 i 


- 235 


- 1 12 


5 

20 

+ 2 

+ 55 o 


+ 269 


+ 36 



— I 

21 

+ I 

+ 940 


+ 5 i 4 


+ 99 


+ 1 


25 

+ 2 

+ 352 


+ 196 


+ 70 


+ II 


Sam 

+ 8 

+ 

3 ii 8 

+ 

i 635 

+ 

453 1 

h ' 

20 

Mean 

1 

+ 

390 

+ 

ZO4 

1 + 

57 1 

1 


2 




Section X— touttion of the equations of section ix PaHh—Remmlca 
on Ihe Goneohon of the (hinted Elemmta 

(2 ) When the «ij>n of I in tin Aigument is negative 
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No 

Sign and 
Multiple 
of 1 in the 
Aigumont 

Collection icqnucd 
by Niimcncal J orm 
of Fqnation (lo) 

Coirection lequned 
by Nnracncal Icrm 
ofPquaiion (ii) 

Coirecbon found 
foi q 

for I quation (10) 

Cojreotion fotind 
for h 

foi Fquation (ii) 

3 


I 


i 563 


-1 

726 


+ 

425 



4- 18 


8 


1 



“ 71 



- 39 



- 

18 

0 

— I 

12 

- 

I 

+ 

17 


t* 

0 


+ 

2 


9 

0 


14 

— 

I 

h 

2774 


+ 

1496 


H 

294 



4 - S 


i6 

- 

1 

4 

1 634 



7*4 


4 

43 i 



h 17 


i8 


z 

f- 

924 


I 

55 i 


4 

170 




— I 

19 ' 


2 



- 238 

+ 

26 




- 

7 * 


4 

Sum 

■3 


4 . 

6603 



4 

1226 

H 

34 

H^hII 



H 

734 

■ 



\ x 36 

4 

4 



+ 

562 

^■bbsh 


4 

g6 


1- 

3 

General Mean reducing, "I 
all to tlie lugativi > 
Pign of / J 


4 

172 

) gS 


- 

61 


1 X 


A similai conise iriiy be follovod vnth iea:aitl to the moqinlitios ol Lnnai Latitude The 
argument upon winch all otlieis aio ioimed ih f, and, as ihe piimaiy value of /is aibitiaiy, the 
only way in which we can examine in iccniacies (on the hioad sotJl) in the ippbeaiion of it, is, 
by comp mng the mass of lesnlts in whicli the sign of fm + with ihe mass of lesiilts in which 
tlie sign of/is — In ihe following table I omit turns depending simply on / and ■}/' 


No 




No 

MultiplOH ofy 

Icnns oil qiutiott 
(!*■) 

lums of 5/ 


m 


H 



|H 


+ 

- 

4- 


4- 

- 

302 

X 



II 

3 7 


3 x 6 

I 


5 o 



7 4 

3 o 3 

X 



s 


4 9 

3 X 7 


I 

I 


X 0 

304 


X 

69 

x8 


02 I 

3 x 8 


X 


71 

37 4 


3 oS 

X 




28 1 

3 x 9 

I 


38 

14 2 

3 o 6 


X 


45 


46 0 

320 

X 


r 5 



98 0 

307 

3 0 8 

X 

I 


60 

25 

3 2 

8 4 

322 

323 

I 

1 


14 

21 

14 0 

7 8 


309 


X 


X 2 

5 X 


324 

I 



17 

5 2 


3 x 0 

X 



12 


240 

325 

X 




6 9 


3 ix 







326 

1 


7 


Si 2 



X 


x 3 


3 i 4 







3 X 2 


X 

10 



35 0 

327 


I 

7 


7 0 


3 i 3 

I 


64 



46 

328 

I 


■H 

1 4 
i 3 9 


3 x 4 


I 


4 


25 0 

329 


1 


*7 


3 x 5 

X 


4 



I 8 

33 o 

I 


104 

✓ 

8 I 


z 


I 
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NTJMEEICiL LUNAE THEORY Section X— solution of iiil iQUA.r[ONs 
OF SECTION rs. Part 9 — Go7mdeT(lt^(yrh of TheoTies 


It does not, liowevei, appeal possible, witliout 02 k.tcnsive calculations, to offer any clicclv (>1 
this class on the relation between the coefficients in the senes for - ind those in tho scius foi 
excepting that given by the geneial solution for S/7 and h at the beginning of Section X , ind 
m this respect the present theoiy, at the point where it now stops, might seem defective I 
believe, howevei, that on examination it will be found satisfictoiy 


^ t 9 — Oonsiclemhon of Theories 

I may now expies^ my opinion on the two foims of treatment (Delaunay’s and tliaL ol the 
present woik) consideied above , and on tho course which, m my judgment, it would 1)( best to 
adopt in future Lunai Theories 

I legal d the contents of tho piescnt volume as x woik, not so much of invc stig ition ts ol 
criticism And in this light I think tint such \ woik, piopeily earned out, miy bo ustiul 
But its lesults ought to be exhibited, not only in checking the coefficients of longitude lud 
latitude (as above), but also so as to separate the effects of oiiois ol tlio coo/hcionts ol curKTil 
time in the aiguments ol the leading inequalities ol exccntricity and lititudt I r inuot now 
hope personally, as I could have dosiiod, to complete these steps 

I have been led to my undei taking by a belie I tbit the appioximitjon to the values o( 
numerical teims of a secondaiy oi teiiiaiy place, by senes ol poweis ol tho junnuy ilgobiaunl 
coefficient, is not peifcctly tiustwoitliy Tho convcigence of toinis which M Dcluinay bis 
exhibited is blow It is easy to show in simple algcbi ucal loimulii how tins chaiactca nii> 
given to lesults , which, if at once tieatcd numeiicaJly, possess undoubted iccui icy , l)ut which 
by being involved in a piocess of symbols, may bo londoicd inicGui liely divoigeut 

I am veiy sensible of the beauty of algebiiicxl tieatment m cvoiy stop N( viiihdess, \ 
considei that tbo best prospect foi lesultant accuiocy is to besought in ilgcbiaif il tioatiuont 
of numerical teims, stop by step, olwavs maintaining ill tho simph pioducts, ol null algcinaic 
foim deiived fiom the last substitution, by the sum of ill the numoncil coc ITicuiits (viihoui 
lestnction of oideis) collected fiom that last substitution The treatment of tho terms count c ted 
with exccntiicity ind inclination (m the use oi a' cos H 6' sin n'l for the (\canUjc tenu 

m and a" cos + h" sm foi the excontnc tcim m v) will rcquiio cautions wliitb 
have not hitheito been necessary Similai lemaiks apply to tho latitude 


With this teiminates my woik on what is usually considcied Lunai Theory 


I now pioceed to consider the terms which depend on foreign elements — the Figuio of tin 
Eoith, and the Disturbances of the Solar Oibit 
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SBOXION 31. 


TERMS PEODTJCED BT OBLATENESS OE THE EAETH 
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NUMERICAL LUNAR THEORY 


Rloiion XI — ^TiiJiMs puomoiD j»y ()hiai’j<niss oi iiii lilAuiii 

Let tho axis ol £B l)c (liawii fiom tlio coJitoi ol ihc initU tovvnds Uio Imt point cil Oanui, tin 
aMs of 2 / towaids tW iubt pomt of Lilm, uul the i\is ol siowiids Hu Noilli poh ul thi 
Echptie The ms ol the eaith will he uidinUd in the pliuu wliidi [iissi '■ thiout,Ii tin iiMsot 
^ and <y, being iiiolmod horn the positiv( paitol tin i\i4 ol e towiiiils llu positivi piiil ol (In* 
a\is of e , and will iiukt , with tho i\is ol tin m Iht ohli(|uity ol tin uli|)(ii marly 

23 ° 27 ' 

Foi expiehsion ol tho Moon’s eo-oidmiites twid the foms which ut on the Moon, cm hIiiiII 
bogm by rofeiiiug all lo i new system of lo-oidinati s , Xbini', tii llu plniit ol the lOmtli i 
equatoi, wheie intei sooted byl the pUnos id, Y tho same as if, audUmlho luilli'sH\n Tlun 
foi the Moon’s eo-oidinat<s, 

K = <os to I sin «j 0 

Y - y 

7i ■= sill rt» I I los «i 

Now, by tho theoiy ol the iritciogiiuous Mutli (su tin aulhoi's Millnmalitiil Tintts 
4th Edition, Cambiidge, lb 30, in winch Mnelamin i I'luoiyis stinlly i mployed) , piittiiig K 
loi the entire mass ol the oblati eaith, < the pohvi si minus,! (1 | ejtho i ([tint oti itl him i umk 
« j tho 1 itio of equatoienl e^ntiifngal ioioo (ogiavity, ilso i Joi tin Moon itli .liuico Imm tin 
Earth’s oontei — 

Eoreo in X = E{ - +('-"') x x | -■ i t | x \ [ 

toice in Y = E{ - ? ^ (f - 2 ') X ;; X I - / | i x Y [ 

Eoko in Z = E{~ I- (c - j) x X I- V + ijZ I X Z )• 

Tho nmnoiicd value of e is sensibly - o 00^11, Hut ol oi is » o 00}4''0J , 
thoiefoie the value of e — "* = H o 00/603, 01 = h ^ 

Tho fust teims ol the ixpiessions foi the thioe foitts lepusent, whiu taken togfUiu.tln 
simple giavitdtionxl attiaction of the mass E, is lollectid at tho ei iiUn ol tho < mill, without nil} 
allusion to olilate toi in 11 is intended (in this Hi < twin) to investigiilo tin elhtloi obintunsH 
by refeienee only to the foioes winch may be anisideicel us idded on to tho oiilmary lottiH of 
gravity, in the same mannei as m othei paits of the theoiy of disturbing foreos Tliou fore, wo 
may now omit the fiist toims And wo may considei E = i , and wo may, foi tho probont, omit 



Section XI — hjims pboduced by oblatehb&s of the earth 
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the general multipliei + g-^g p Then, substituting for X, Y, Z, their values given above, 
we obtain, 

Oblateness-foice inX = ~h ^ ('3in oi (B + cos a> -s)* x (cos to — sin at z) 

Oblateness-foice m Y = | — r® + 5 (sin a» as + cos o) i?)®]- x y 

Oblateness-force in Z = ■[— 3r® + 5 (sin to as + cos to »)®j- x (am to a. + cos to z) 

Now, by oicbnaiy tiansfer of the duection of forces, 

Oblaieness-lorce m aj s= + cos to x oblatenoss-foico in X + sin to x oblateness-force in Z 
Oblaieness force in y = oblitencsb-foice in Y 

Oblateness-foice in »= — sin aa x oblatoness-foice m X + cos to x oblaieness force in Z 
And then, by inserting in these tho values given in the piecedmg hnes, 

Oblatene&s-foieo in!t.= — a sinto r’ (sin to a. -f- cos to &) — 4- 5 (sin to b -h cos to zy a 

Oblateness-foico m.y = — rhj + 5 (sm to a: -t- cos m ") y 

Obi itenoss-force in » = — a cos to 9 (sin to as -f- cos to ») — 9 ^ + 5 (sin to c -I cos to zy z 

Wo now prepare loi oui proposed method of solution Use p, foi the length of tho piojection 
of r upon the plane of tho ochptic, or the hypotenuse of the tinuiglo whoso sides aio a. md 2/, 

and V, foi the angle between as and p, 01 the ‘ Geocentric Longitude of the Moon — ^ ’ Also, put 
X for tho Moon’s Gcoeentiic latitude Then p will = 9 cos x And— 

Obi vteness force m p = + cos v x oblateness-force in o’ + sm v x oblatenoss loico m y 
Oblateness-foice ' 
tiansveisal to p, m 

the direction of J>-= — sin v x obliteness-foieo in ® -f cos v x oblateness ioice m y 
accelerating the 
oibital motion 

Oi— 

Oblateness-force Bidial m Ediptic = 

— a sin o) ^ (sm CO a< -f cos co z) — ry + SP (sm a» as -t- co‘< ai zf 
Oblateness-force Transversal m Echptic = 

-f 2 sm <0 ~ (sm 0) 0} + cos CO z) 

Oblateness-force Normal to Eehptic = 

— a cos 00 9® (sin co js + cob to z) — 7^ + ^z (sm <0 a? -|- cos ai 

Be-mtioduemg now the general multipliea 0001603 and lemaakmg that to = 23° a?' 
nearly , sine 01 = 0 39795 , cos oi = o 91741 , also 77 = ^ fz — (^me of moon’s mom hoiizontal 

polar parallax)® ^ = (sm 56' 51’'')® ^ > *md assuming a = 1 , we obtain the followmg expres- 
sions with numerical coefficients, for the oblateness-foices just found The first column of 
figures tonbams the loganthnuc factors of the several terms produced by expansion of the 
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foimui-B xIjovo, it will lx icniaikod thitm eicli ol thorn tho lust imiuonoal Uim i i»iMitivi , Imt 
tho lojge nogitivc collection — jo o is to ho ittachocl to it As ugaids llio siioiiil (ohiuin Ui< 
mimheisaio ill to bo miiltiphod by io-“> Tho iiguiiu nts h ivi lxiu(hini,(d by ippluilion ol 
the foimnl e a = p cos o, ?/ = p, in o 


(A) Ctouual MulUplui (indu(U(liii lU IluO __ 
lollownig oxpiossious) j ““ 

1 -5 6 nSi - 10 0 

1 < 

If' 

>1 

1 l'«M 




01)1 iltni ss J()ic( s, Kiulml m Xa 1i|i1i( 




(B) 


f 3 T 4 jSo 

“10*0 1 

a t 

7 p 

- 10 "■ , 1 S 3 1 

I 

1 

/> 

tUl f 

( 0 ) 


- 1 3 ~SoSa 3 " 

— 10 0 1 

a t-' 

7 ‘ p 

(f 

- 10 K 3 »qo ^ 

1 

t 

V 

t IIM 1 

(D) 

- 

1 3 64I8X 

- 10 0 1 

'' 

JO t 3 S 3 /) 

} 

r 

r 

W 

- 

t 1 3 

-"**10 t> 1 

a 

,/ 

» 10 

1 

1 

(' 

4 OH I 

00 


f 1 4 204^0 

— 10 0 1 

tt 

» 1 * 
i* ’ 

1 10 I 

i 

1 

/» 

10 i 

(.(r) 


{ 1 4 

- 10 0 1 

a 

\ 10 1X146 0 

i 

7/ 

/• 




OblnUmss loms, TianHvitHil in Kdipln 




(11) 

- 

-i 1 3 i 4 »So 

- 10 0 1 

a xjt 

7* /I 

1 10 ^ jjHit , 

1 

j 

A p 

4 or 1 iti t 

0) 

- 

1 1 3 3 o 3 3 

10 0 1 

ti V- 

7 p 

1 10 / 3 ( 0 6 

i 


nti 1 




OhlateuoBB loicoH, Noruml In JwUplit 




CJ) 

L- 

-- 1 sToSaS" 

d 1 

a 

t » 

7 

— 10 Iaoo 6 

t 

7 


^ urn t 

<K) 

C= 

- |T 36796" 

to o"| 

a 

7 

- 10-*” X 737« 4 

1 

" 1' 

/ 


(TO 


- 1 3 ~ 6 ^ 8 r 

- ' fo 0 1 

a 

r* 

- X 43 R 3 4 

X 

1 



CM) 

=3 

1 1 3 “ 5404 + 

— To o"| 

u 

,r ’ ” 

h 10**'^“ X 3470 

i 

y 

7* 


-r < ON 1 

(S) 

CSJ 

1- f 4 *0400" 

10 0 "] 

- r' 
r? 

f 10 -*'* X i6oo3 0 

X 

^ p 

X * X (ON f 

(3?) 

0 

H 1 4 Uesjo 

— too 1 

r 7 

i 10 > 18446 0 

i 

^ ,7 

y 



And those expressions aro to bo convcited (by opeiations to be hcrcJiltei doucnliwl) mlo 
formnhe depending on tho gcnoial aiguinont H, and on LT\ , &c., connected with H 
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StOTlON XI — EQUATIONS OF THE MOON’S MOTIONS PBODUCED BY THl OBLAIENESS 

OF THE BABIH 

We now pioceod to tieat these numbers by letmenoo to the equations obtamed in page to 

In tlie equitions (4), (5), (6), of page 10, put p foi 1 cos 1 and P, T, Z, foi tho distiiibmg 
foices — paraUol to p, ochptic-transvorsol to p, and noimal to the echptio And considei p as 
repiosontod by the sum of two teims, R + i; by V + Sv, and 1 by L + SI, of which 

R, V, L, would satisfy the equations deprived of then peiturbation teims , and R 4- Sp, 
V + Sv, L + SI, will satisfy the equations with tho peiturbation tcims , Sp, Sv, 81, being 
e\tiomoly small The factois of 8p Sv, 81, m the functions of R + Sp, &c , will be foimod by 
tho oicbr-uy difleiontial foimulio 

Just, to piodiice equation t4)> of page 10 In the last toira, (p/) sopiosents tho ontiio 
foico in tho diiection of p, and thoioforo (see page ta) it is = — cos 1 + P , 01 

=s — cos ’ 1 4 P, 01, sensibly (page 11) nnd using i foi a, (p/) = “ ” cos*l 4- P 
Thus tho ( quation (4) becomes — 

+1 S)'+; 

And, substituting R 4- Spj cind V 4- Sv, to tho first power of Sp nJid 3v, — 


i = > ■ 


(I (Tv 1- 311 8p) 

(U^ 


, ./jn dll g 

r + ill °r 


/rfpV _ (dli , 'i_?fV 

— \(lt) ~ ~ \df dl ) 

/dv\i yjf , N.-vB /rfV d Svy 

- P (hi) = + m l7/j + -nr) 


, ilh, d Sp , ^ d 6p 

^71, -dr -rr 

_ (dK\ rfR d_ 8p 

— \dU " (if df 

->B©’ »P 




S'x 



cos 'L — T? cos ’ L 


L N 2 cos * I (s 
— op 


4- - cos * I ss 4 -x 

^ L(oos’X( •— 3 cos®L sin L 81) 

-Vp = - P (K + Sp) 

Tho last term, PSp, is to be lojectod, as being the piodiici ol two smol] quantities Now, if 
we add all vertically, and lemaik that Uie first column on the right side lopiosonts tho terms 
in an undisturbed oibit, and, then foie, necessarily = 0, — 


0 -- 4- ^ 
0—4- lit 


4- R -,ir - aR® at -a, - aR Sp 


cos ’ L sm L 81 

COS ^ T> 

- Q, -vTi- dP — P R 


Proceeding now to Equation (5) 

This equation consists of tho singlo-torm 4 ^ S}" (''/) P~^ is to lx 

remarked that, m tho odiptic foice transversal to tlio ecliptic radius, thoro is no part deiivedllom 
tho earth’s central attraction, and tlie value of - (If) p is strictly lunitod to tho small peiturba- 

tion term — T p And tho equation (5) of page 10 bccomts 4- -^p-* - T p = 0, 01 

"I (R 4- Sp)® . + ^-3^) } ^ P = 0 , which, treated in tho same mannoi, gives,— 

*(B S) ^P P-o 
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ErnaJly, we take Equation (6) 

Heie it 19 to be remaiktd that the foice («/), which is the whole foicc-noimil to the « clii»hc 
plane, consists of the sum of — tho losolvod put of the Eutli*s uid Moon’s ifiiwfioii 

(which IS — ^ sin 1 01 — ^ cos^l sin 1), — ^aiid tho distuibinc; foi(( Z And, tluicloii 
(ef) = — ^ cos^ 1 sm 1 + Z And tho equation (d) of page jo bopomos — 

+ (f> tan 1) + j cos 2 1 sm 1 — Z =i 0 , 

or ^ ■|^(R + Sp) (tan L + sec" L 81)^ "I (iT “ ll' '^f’) cos-* I ,sm 1 

+ j (— 3 cos L d 3 cos ‘ L) ^1 — Z = 0 
Or, T-s in tho foimoi instances, — 

+ I-) + 3|(tan L) ^ Inn L 

sec"L) SI +3|(R soc-^L) ^ I R sic L ,, 

— ^ cos ® L sm L S/J + ^ (— 3 cos L + 3 cos ■’ L) SI 

- Z 

The values which wo aio soolcmg, £oi Sp, Sv, and 31, as jnodiipid by p\f(«mal notion, aio 
evidently founded on tho values of P, T, and Z Thoic is s single conslanf f( im ni P , and ail 
other parts of P, T, Z, are cipiosscd bypiiiodical tonus simsoi tosiiusof vanoiis ninllijdi 
of the time , and those in all algebraical tipatmont, an ibsohiti ly indi pi ndi nl II is ( h ai Ihi n 
that any one of those terms may bo treated without willing down niy olliei li'ini , nnd il \\i 
assume that a teiin of P will bo o\piesscd by A cos iid, and (m (omiiMim vvilli it) tliiil 
T will be oxpiessod by B sm m/, and Z by C cos mi then the (vpimsions joi S/>, Sc, el, 
and oveiy teim m the aJgcbiaic Dpciations, will depend on cos in/ and sin tnf and ttiiml infs 
connected with them This considciation mbiodiicos gnat snuplii ity into all llu ('xpusnoU'. 
Eoi, as tho values of E?, V, and L, which wo have occasion to nst, will not di jk nd on mf, <>i will 
depend only on taims so fai advanced m the scries that they novel could i nti i into c onsidi lat ion 
with those whicli we do retam, wo havo no mod to use any ppuodie tcim in the < xpansious of 
the fictors of 8p, Sv, 81, and may confine ourselves to the lust teams of tlio sciii's wliioli evpic'ssen 
each of those factors Thus, 

for each of the following symbols wo may snbstitnli 3 , 

R R® R "it (is) CO'" Ij R sec®L pos L cos ’ L 

And we may consider each of the tollowmg = 0 , 

3F I' Si) jj(R®) tan L jj,(tan L) ^(tanL) (R soc^L) (R hoc-* L) 

C0B"*L 81U L 
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The foimulso aie given m this shape, foi establishing, when debired, the connexion between the 
points now nndei consideialion and the pumary investigations of the theoiy Wo must now 
piepaie accuiate expiessions for the forces to be employed on the now investigations These 
forces, it IS to be lemaiked, aie not modifications of the foices formeily treated, but aie the new 
foices depending on the oblateness of tho Earth, not foimeily taken into account, and the 
expressions will be earned here to a gieatei numbei of decimals 

With these we now pioceed The amount of calculations which the investigations have 
required is gieat, and It is impossible to exhibit the entire details 

As legards the notation employed, it is to be remarked that— 

The loman B, T, Z, L, aie not fuither used ^ 

The ordinaiy italics J 2 , 7 , wdl be used generally tor forces in the dueotions ot , radius 
piojected on the standard plane, dmction tiansveisal to radius, in the standard plane, 
and direction noimol to the standard plane 

^^and 'ni are indifieiently used foi Moon's mean longitude 
is used for Moon’s tiue longitude, and x foi Moon’s tiue latitude 

7 IS used foi the length of the Moon’s ladius vector, and p foi the length of piojection of tho 
radius-vectoi upon tlio '^tandaid plane 

Othei syml)ols as in the Tables ot Section II (In tlie last lines of page 144, the lettei H hia 
been inadvertently used foi u ) 

Tho first step is to exhibit tho oxpiession of the vanous powers and combinations of ^ and p 
The numheis for ^ have been given in Section II , but are repeated here for convenience 
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Nurntnic il Vahus «»t (JotnlDmations of Powers ol } aad p 
All tlie luitubeiH in In bn lu' rtt d t,s ■wliole-numbeis and to be multipbed by 10“-* 


i utois lui 

4 vu> ScntH 

(Viii taut 

Cosh It 

IM 1 

C 0 HU 

l-w-ii 

(^) itu 

1 a/J 1 

(Vnu 

1 »<I 

CoMHi 

rwr/T 

( osim 

f rj) - s 1 


1 Z J}^C^\ 

( OSHU 

lirsi 

l^1sHH 

1 /;i 

( 0 HU 

1 f 1- s 1 

( 0 HU 

\^M\ 

( VsUK 

| 3 M 

( OSHU 

1 4 1 

i\) int 

1 M 

Cos 

IzW-U’V) 

< OSHU* 

h wTTT 

( osmc 

1 4 u~Ti~\ 

(’0 UK 

1 a />— zK ( 

Cosmt 

1 %dT%i 1 

(^Os 

1 z I) vi- s 1 

< ‘tismc 

iT/n 

Cusmc 

I'jy'fTT 

Cosmt 

!*«-*/ 1 

Cosine 1 z S 1 


Sul^eots of eaoh Senes 


- IX - i<| — 17 

- s - 10 — IZ 

I xo f 'Yo I 4 ^ 

I la I 17 i zz 

^ t - - 6 


4 - 5 - 6 

7 I XI f 


I H\\ *;•; h 



\ 10337 + 999S +xooo6 ■*•10032 -Moo/S -f 10049 +xoo33 

t 3915 — 543 — 1084 — 1623 + 2189 2147 + 

**- 820 — 96 — 188 — 276 + 434 + 427 + 4aS 

♦ 71^ - 75 - 145 - 210 + 368 + 372 + 366 

r< 

i 53a — iS — iS — I + 210 + 211 + ^10 

i 173 — 4— 4 o-< 67-4 66+ 114 

t- 41 — 5 — II — i 5 + a 3 ^ a- — aS 

t 34 — 4 - 8 — la + 18 — 12 — iS 

f- 21 — 3 — 6 — 9+12+12+11 

— 23 I- 3 + 5 + 7 “ i 3 - i|. - 16 


5 + 7 — ii-iz- 4 

o o — 10 — 12 — 17 

o - 3 + 20 + 19 + 16 

0 + I + 14 + 7 - la 

3 + S— 5 — 4+ 3 


7 + * + 


- 9 + I f 


\ II 


3 - 6- 4 + 


I + a + a - 


9 - 7 + 


6 + 18 + 34 + 33 4 32 + 3 o 







ScCnON XI TEBMS PRODUCED BY XHE OBLAirNLSS OE IIIE EARTH 
Numciicil Expinsions oonnoctocl with v 

All the numbeis aio to he tieakcl is whole-nnn.bors and to bo mulfaplied by lo- 


Foi 00*^ V 



Foi co*^ i siu t 


+ 9969 cos I u I 
+ 547 cos I ?/ + / 1 

SSi cos 1 7t — / 1 
H 108 cos 1 7«-f-a i> — / 1 

- 1 14 cos [Tr— %V H Tj 

+ 64 cos 1 7H 2 I 

- 52 cos I — 2 1 ) I 

r -2 

U t OS I w I 2 / I 

- 4 cos I u— I \ 

f 9 cos I TT i'2 7 ^ H 7 ] 


4 cos I n I 

4 cos 1 W — 2 i> I S [ 

5 cos I 2 T-Ts^j 
5 00 s iTi — 2 7->T ^TV] 
S cos I M h/— S I 

3 cos 1 7 /-/ h S I 

3 ( OH I 7/H D I 

3 cos 1^— 1) I' 

4 COH I ?« + /+ ,S I 


- cos 

16 cos I u \ ~| 

16 cos I 7/— S"*! 

II cos r 7 /- 2 l> + »r| 
10 cos I 7H 2^ f 
to COS I ri-ay | 


+ 9969 sin [ It I 
+ 5 1.7 hill I 7t + ri 

- 55 1 sin |~77— / 1 

h io8 hin |77+^/JZ/| 

- 114 sill I 71 ^ 2 , u \l\ 

+ 64 sill I 7 / H 2 /> ( 

- 52 sin ( //“-sT I 

I 34 '^10 \ it \ ll\ 

- 1 111 I «-2/ [ 

I 9 in I m 2 if \ 1 1 


4 Mn iVfTTT^ S I 

4 f7<-2 I) j 

( 5 Hin I 7/ + 2 S I 

5 sin I 7r-« /;! / h S I 

I 5 sju |liT7- S I 

- 3 sin I «-/ 1 s I 

- 3 Hin I ul'p I 

H 3 sin I 1/ — I 

- 4 hin f 7 M“s“| 

4 sm iT/l/ITs I 

- 16 Hin I t/T S] 

H 16 sin I w— S I 

- II Hin I 7/*-2 D^tT] 

- 10 sin I i7r2y I 

H 10 Hin I ii^%j I 


+ 1 . 93 b cos 
h S 42 cos 

— 55 o Cos 

f 104 (OS 

— I I 6 cos 


I- 70 cos 

- 4.6 cos 

< 49 (OS 


^ t- 49^7 '*ni 

M + 544 sm 

®«-^r , - SSo sm 

H + % 0 — 1 1 ). 104 sm 

- 1,6 sm 


- H I - I 


H t 2 / I 


— 16 COH 

+ i 6 (OS 

- 17 COH 


I aT-Tl^To? I 
l~w“| 

I tu-ifj 

I a « n / 1 
I »n-^/| 

I X K ♦ |. /}~l I 

I 7 ( 4 2 y> — 2 / I 


» 70 SUl 

— 46 Sill 


n \ ^ /) \ t \ { 

f 

-* 7 M 2 O-^ S I H 

^i~ci) 7 rw\ " 

TmTT^’VI I 


2 7 /-/; I 
/M / 1 S I 
?(-/- S I 


2 7 i-/ I 

- 7 iT 2 1 

2 «- 2 X>H / I 

- 7/7 2 ZT) 

~-7/-2 D j 

TTHTTTf 

T 7 -T 77 

r.UTT] 

2 7 ( 1 ^ 5 , 2/1177 

27 / I « Z/- S I 

T?/— 2 yj 1 s I 
2 777-7^-/-. s 
2 //-^/> 

) /- s 1 

I'TT-TTpri 


2 7/-/;7 

TwTTPr 


P 2 ?/-/- ^ 


^ i 6 Hin 


I -«- 2 ^ 7 fT 77 
l~ »T~7i 
I »«-v 7 


a«+ 3 / I 


— 6 hin I a « + 1 /jU:;" 


2 
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Nnuieiical Expansions connected witb z 

AJl tbe numbeis sie to be treated as whole numbeiii), and aie to be mulbphed by 10 * 


Foi z 

lor 

Smo ITT 

X 

+ 

896 

CoD'stant 

X 

+ 

40 

Sine 1/+^ 1 

X 

+ 

zS 

Cosme 1 z / 1 

X 

- 

40 

Sine IT^I 

X 


73 

Cosme faZ+Z | 

X 

- 

a 

Sin(» 1 2 D—f\ 

X 

J. 

33 

Cosme 1 a/-/ 1 

X 

+ 

7 

Sine 1 | 

X 

+ 

5 

Cosme 1 

X 


5 

Sme [2 D-f-l 1 

X 

+ 

IZ 

Coqino \zl> \ 

X 

— 

3 

SlDG 1 2 JD +/ 1 

X 

+ 

2 

Cosmo 1 z V—zf 1 

X 

+ 

3 

Smo If+zl 1 

X 

+ 

I 

Cosme 1 aJy-a/-Z | 

X 

+ 

1 

Smo \zV^f+2l 1 

X 

+ 

1 

Cosine 1 zD^l 1 

X 


I 

Smo I/- 1 / 1 

X 

- 

I 

For J 




Sim fi Z)-f^ S 1 

X 


2 












Sme 1 2 JJ-/+ S 1 

X 

— 

1 

Sme f7“| 

X 

+ 

5 

Smo 1 ?D-f-l-S\ 

X 

+ 

I 1 

bmo 1 ZJ 1 

X 


a 


The numhus ot the last thiec tablet, contain aJl that is neccssaiy, when used m connexion 
with the external factois, foi completing the niunencal values of the toms on page 144 
Without attempting to exhibit the mass of figuies employed m these calculations, I now give 
only the lesults foi each of the quantities called (R), (0), &c, to (P) It will be lemarked that 
the numbeis in the piecoding long columns have all been given to the 4 th place of decunaJs, 
and the factois at the head of the columns which now follow aio given to the loth place of 
decimals On lepeatrag any of the multiphcations, it will be immediately seen that the products, 
as exhibited belov aie foimed to the 14 th place of decimals of unity 
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ExpiebShon of the Foice R acting on the Moon in the diiection ot the projection ol Kachus Vectoi on the 

Plane of the Ediptic — com/plded on neat page 

Eich product of numbeis le to be treated as a whole-number, and is to be multiphed by lo-^' 





Heading (jB) 






Heading (C) 





Co ejffiacntSf to 'bo multiphed by - 

l388 X io->“ 



Co (fficttnhf to bo multiphed by - 

3zox X lo-w 


joSS 

cos 

1"^ 






446 


1 





+ 

+ 

2 

COS 

1 Z M— 4 O4/ 1 


sm 


rS 

sin 

1 7442 77-/4/ 1 

1+ 4975 

COS 

1 Z tt 1 

1 Z U + 2 1 


17 

cos 

1 2 74+ S 1 

— 

453 

siu 


- 

10 

sm 

|tt-.aZ)4Z-7'| 

+ 

XOtiS 

cos 

h 

I- 

COS 

1 2 71— iS 1 

4 

98 

sm 

1 «+/+/ 1 

“ 

9 

bin 

\7i 


3 

cos 

1 2W — ^ 1 

4 

5 

cos 

[ 2 7( + 4 2>-.a 1 1 

— 

48 

sm 

[ir-z-y 1 


17 

MU 

1 w f Z /> f / 1 

+ 

2o8 

cos 

1 1 


9 

cos 

I Z7f-2 Z>4z Z 1 

- 

So 

sm 

|«+/-y 1 

- 

8 

Sin 

\u-ToZj I 









I- 

S 

sm 

1 74 ^ ITS^J 1 

4 

n 

sin 

\~\rZl 7 / 1 


8 

cos 

( 2 M — Z jy + / 1 


no 

cos 

1 awH %J 1 











— 

JO 

sm 

1 «-»/>+/! « 

- 

4 

sm 

1 ^2 i^\ 

+ 

+ 

184 

22 

cos 

cos 

1 2 w + a JP 1 
fz M— a JE> ^ * 

4 

10 

z 

Cos 

COR 

1 a«— 1 / 1 • 

1 i u+'i/'Tri 





4 

3 

3 

sm 

hin 

1 «+T />”/■+/! 

1 2t-f 1 

+ 

160 

cos 

1 2 ?< + z / 1 

4 

8 

cos 

1 2 74 4 2 Z 1 









+ 

4 

cos 

1 2 tt-z Z 1 * 

4 

3 

cos 

1 2 74 — z Zl — 2 Z 1 









+ 

So 

cos 

1 z + a +T 1 

4 

z 

cos 

1 a!rr4 ^ 1 




Hutdxng 




3 

cos 

1 a 7 / — z £>— T 1 

4 

1099 

cos 

m 












1 2 7« 1 2 y - S 1 






(h (ihtunh^ to be multiplad bv — 

d.383 X iQ-i« 

+ 

S 

cos 

4 

2X5 

cos 

\.U-I\ 









— 

5 

COh 

1 2 tt—z y + s 1 

4 

186 

cos 

ITiTf 









+ 

5 

(OS 

1 2 7«+TZ>~Z~S‘] 

4 

10? 

cos 

|— 1 

V 10074 

tOh 

i»i 

i. 

33 

(OS 

\.I)-2i 1 • 









I- 2198 

COh 

rn 


3 

cos 

\2D-2J\ 

u 17-211 


5 

COS 

1 2 Ti — 2 i> + Z+ S 1 

4 

34 

cos 

I aD+Tl 

4 

430 

cos 

(a XJ-Cl 

4 

8 

cos 

+ 

h 

cos 

1 2 7i+/-rs 1 

4 

10 

cos 

1 3 TI 












4 

367 

COS 

\20\ 


11 

cos 

|4»H »/| 


4 

cos 

I 2 7« — /+ s 1 

— 

6 

cos 

1 1 

4 

210 

cos 

\TlJ 

4 

f) 

cos 

[ 4-^1 



cos 

1 %u-\-V 1 

4 

6 

cos 

\av-i\ 








+ 

3 

cos 

\zh^D \ 

"" 

3 

cos 

1 S.f 

H 

67 

cos 

1 2 iZ 4 Z 1 

■f 

4 

cos 

1 2 jj-r ; 1 









4 

19 

cos 

[ITT 

4 

z 

cos 

UM 


7 

COB 

1 2 V+Z+ S ( 

4 

17 

POS 

1 aZl-an 












— 

II 

cos 

r»j-i 1 





+ 

3 

cos 

1 S 1 


2 

COh 

r»ir_-a7i 
















4 

12 

COh 

1 






3 

cos 

1 2 W + z/- 1 1 

4 

A 

cos 













T 

4 

5 

POS 

(Tw-r+'s’i 





+ 

19 

COB 

1 2 W + 3 / 1 

4 

6 

cos 

1 tD + %l\ 








+ 

9 

008 

1 2M + 4 l) — t \ 

4 

2 

cos 

|To- 










* Xhe tetmB to vhioli an astonsk is attached aie used in farther cnleidattonB 
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Mx^ 6881071 of the Toice J2 aotmg on the Moon in the dueotion of the piojeofcion of Radius Voctoi on the 

Plane of the Ecliptic — oontmued amd (mfhpUted 

Each pioduct of numbers is to be tieated as a whole-numbei, and is to be multiplied by 


Heading (JS) 

Heading (T) 

Co qffteienUf to be multiplied by + 3471 x 10-1® 

Co ejieients, to bo multipbed by I i6oo3 x lo “!'• 


+ 5oi3 COB o 
+ 4954 cos \ 2u\ 

+ 1081 cos I 2U + 1 I 

— 5 cos I 

+ ao7 cos I -.u + 2 jD— Z | 

— 9 cos I 2 + i I 

+ l83 cos I 2U+2 I 

+ 22 cos 1^ It— 2 i>i* 

+ i58 COB finr+Tri 

+ 3 cos I 2tt— zH * 


— 17 cos I 2tt+ iSf I 
+ ^17 cos I 2 M — 5 I 
+ 4 cos + 


— 10 cos 

— 10 cos 

+ 10 cos 

— 2 cos 

+ 3 cos 

+ 7 cos 

+ S cos 


+ 49 cos I 4«+2iJ + Z I + lojj jog 


+ a 009 |a»-aD-Zl + *,3 cos 

+ 5 009 | »ji+ai)-Sl + 184 008 

S cos I la-aD + SI + 104 00s 

+ 5 cos lau+aD-Z-SJ + 33 


I 2 M — 2 Z) + 2 Z I 

I 2 7t + 2/| 

fait- 2 / 1 
faw + zf+Z I 
I 2 M+4Z I 
I 2W + 2iJ + 2/| 
I 2 m + 3 Z I 

m 

r2D-z I 
ITITI 

iTn 

I 2 J[) + Z I 


5 00s I a u— aX>+Z4-S | + xo cos 

8 008 I aa+Z + S | _ g 

4 008 I aa-Z+S | + ^ cog 

3 008 I aw+i) I _ 3 oog 

+ iS cos 


+ 3 cos I 2 v—D I 

" 7 cos I 2Tt + Z+5f 

+ 3 008 f»2t — Z— 5 

- 4 cos |T2t + 2/-i 

2 w iTw + aZ+Z 
+ 19 cos I 2tt + 3 Z I 


+ 4 cos 

+ 3 COB 


I I 

h-D-a/l 
I 4 J>-aZ I 
I aX) + aZ I 
(ITf 


+ 467 sm 

“ 472 sm 

+ 9S &m 

— 48 sm 

— 49 sm 

+ 4 Mn 

— II sm 

+ 19 sm 

— 9 sm 

-- 10 sm 


w+71 

w + Z+/( 

«-l-J I 
«+i-y I 


— 2 sm I M— 2 /J t-Z+y I 

+ 16 sm \ u^ z J) \J‘ I 

— 9 sm |Tt-2 

— 5 sm I 'm-TZ-TI 

+ 2 sm I Khz /-> r/— y I 


w + 2 y I — 

w— 2 1 ♦ — 

17+2 2 ^-/+/] H 
Z-/I 
7 /H zX^-Z-/ I 


2 sm 1 7t — « /J-Z * / 

5 em iVi'z Z-V I 

3 sm |T/ -f 2 1 ) \ [ \.f\ 


Ilcadinq (Cr) 

Coqffldonu lobcmnltipli((11)y h 18446 x io->" 


+ 40 cos I O I 


9 cos fTf 
2 cos I 2X>-Z I 
I cos \ D I 
I cos fTTf 
I cos f 7 i>- 2 /| 


I 00 s I 2 Z>~ 2 /-/ 1 
1 00 s f 2 U f a^-Z*| 

40 COH fzTl 

^ cos I’ zy f. z j 

1 00 s I 2 /; |./ I 
4 cos J / sT/ I 


* The tem9 to t^hioh an astensl „ attached a» x.96a m fettiei odoalations 
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Eoepremon of the Foiee T lotmg on tlio Moon m the diiection in tho Plane of the Bdiptic, at iiglit uigh s 

to the pi ejection of tho Ilidius Vectoi —-oomjiZciet? 

Each irtoduct oi numbeis is, to ho tieited a whole-numhei, xnd ig to be multiphed by 


Hiadmg (^S) 

( 0 ijffiuenii to be multiplied by + i3S8 x 


Headmg (7) 

^ 0 to be multiplied by + ?zoi x lo—'*' 
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NUMERICAL LUNAR THEORY 


Ea/pie88i(m of the Eoice Z acting on the Moon in the duection noimil to the Plano of tin 

Echptic — completed on next pctge 

Each product of numbers is to be treated 'is a whole-number, and is to be multiplied by ro"’’ 


Beading (/) 

Heading (JST) and (/) 

Co ej^oicnZs, to be multipbed by - 3201 x lo-io 

Co efficients to bo multiplied by — 7378 for (A), ( 0 lAcunts to 
be multtplied by — 4383 for ( 7 ), each x 10-^' 



+ 198 COB I u + a ( I 

+ 4a cos fn— 2/ I * 

+ 61 co*^ \ uTTdTT\ 


+ 2 COB I M-- 4 D + iTj 


16 cos U + 2 


+ l5 COB I M— - jD + »Z I 
+ - COS l^+a i)-.3 1 1 

+ 2 COB fu-zD + Sl I 


+ 901 bin I / 1 

+ 146 Bin jT+ 7 "| 
- So sin I I 


+ 

^4 

sm 

1 *-y+/i 

+ 

17 

sm 

1 ai+y 1 

+ 

3 

sm 

1 iim=r\ 

- 

2 

sm 

iTTwi 

+ 

2 

bin 

1 3/+ri 

+ 

5 

BUI 

1 77^ 4 z +y 1 


Biadwg ( 3 /) 

Co (JficinUs to 1)0 multiplied by -f I471 x 


+ iS cob I u—iD^l I 
S cos I + I 

5 cos I M — 2i>+ii) I 
+ 5 cos I 11 + ajD— i-iS 

5 cos I tt— 2 Z? + f+ jS j 

+ 7 cos + 

- 5 cos 1^— Z+S I 

- 3 cos I u + D I 

■** 3 cos 1 11— JD I 

6 COB I M + Z+iS I 

+ 4 cos I w-Z-6 I 

^ 6 cos I » + a/— Z I 

4 cos r«-.a/+Z I 
+ »0 008 |"it+3Z] 

+ 4 cos fw-3Z I 


— 10 cos l^ + 2/l 

+ 10 COB I «-l/| 

+ 10 COS I tt + 2jD + aZ I 

+ a COB ftt -2 JO- 2 Z I 

+ a cos |7< + 4 Z I 

“• 2 cos I M + 2i? — Z+ A I 

"• 2 cob 111 — 2 Z> + Z — 5 

+ 4 cos I H + 4i? I 

+ 2 cos fn—^V I 


+ 220 sin I 2tt+/| 

— 224 sin I 2 M— y I ♦ 


+ 60 sin 

— 9 sm 

— 36 sm 

— 1 3 sm 

— 7 am 

+ 1 1 bin 

— 2 sm 

9 Bin 

-- 3 am 

+ 10 sin 

— 3 bm 

+ 9 bin 

— 3 sm 


2 « + z +y I 
iu'lpj I 
aw + Z— y I 


a«-z+y I 
211-2 jD+y I 


+ 3 am 

I- 2 sin 

+ 449 Bin 

4 74 Hiu 

»■ 73 am 


2 w f 2 /; 1-/+/ I 

2?f-2 ty I 

y r 

"'+yT 

wi 

'zU-f\ 

I 

To+j\ 


aw + 2iJ^+/| - 3 sm|2i>-/-y 

aw-ai^'+Z^^ + i 3 8 in|T 4 >+y( 

2ii + 2i>— Z-/I + 10 sm **( 2Z+/I 

2tt-2i>+7+7( + » sm (iy;4./_y| 

^ « + 2 +/ 1 + 9 iin 

T«-2Z>-/| 

It u + 2 z +y I 

2tt + 2 z-/^ 


^ ' 

* He terms to which ao astensk m attached are used m fiirther oaloulatmos 
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NUMLRICAL LUNAR TllKUlU 


Eeu-tions pjiwEiN Tin vrai Smaii Iuhkis oi LoVi 1 ’jki«h> in iiu I’l in> mpviiii 
ro Tnii Eclipjk, and jiii Pi kiurdahonn wtiuii Tiin luonni in mi M"'tN 
Place 


We shall now coiisicUi the cftict wliidi llu (lisluiltni*, Iiiki will |iii«In( i <*ii (la \nlin hI 
and t; (the ecliptic ladms voctoi nnd the loiifjitiulo «l lln Muun) kiimIIiu' Ihi Iln pii > nl 
the latitude, and the small (fleets oi tin Inlitiidt' on Hit pi liiiiliiiinni nt ;> iitil \\i 
shall suppose iZ wid 7 expiesspi I (liy ( vpiiisi till ol Iiu «nnu(ilii t Iiilil\ fiimml IhImii iiitm 
duction of the leims of ohlateness) m (osiiits ami suit i til mullipli . <il (lu liuu , w/ In lu ui I 
as the (geneial) aigumoiit ot oouts]mndiii„ Itiins in A’ ami T iinl U mh ml imi / uti n * 
beingthe coiicsponduig paits ol I{ iiul 7', ipiil^in,' In any nm ol llimi fniit SmI Mithoiit 
lefeirmg to the oiigui ol the pdUuliatiim tt iius wt hill (nii itlii Iiu Mmin nilul i inmlt 
mentally a ouelo (neglecting ill hiul ifltds nl (Kiiiliuity iml oitui « Imu* iit < Inn i n 1, Ihi 
special uKjuuy), the indius ol the tiitli htine, = i Hit sum iititl nl tin lii ippUm tills 
cuive of the ciiclo (thus iiiste 1(1 ol i" wt‘ may list cxm/t> |SjS) tin tt nliul ni 1 1 1 i iinl *h 

undistuihcd velocity of the Moon in lougiliuh* oi //, ~ i Wt'shill (nn itlt i i nh m w niiipinitli 
oftheMoon’sniotioii, wlnelnssupc'iposdl on that hmilujiiiiifnl tin ill ii imilmti a ilipittihn .m 
the Huno aigumont in.i on wlueh till' p(‘ituilimg tnu'-ts ih'jiiiiil , tint \\i <lin]l Imtu tin iiiitiiinn 
by assuming algelnaiciloNpiossioiis Itu tlu Moon’s tliipl imm iit , m uiul - ami hmlni whtf 
must ho the numeiical lalnc's ol Iho txUmil loiti A” iu< „il iml '/ uu ttif uluth 
pxoduce them And tluueo, hy oidmiiy uvtiHioa nl (ijiulmiii \\i hall udi i Ho tunutintl 
values of the peituibitions ol p uid r, whuli will In piiMlutnl li\ , i\i ii i dm nl A’ ut»l /' 

Now il the dishtibing lorro, whilst dints wi ut tnusnluiii , dul imf I'lt i]i« t h im nt nt 

orbital motion would Ik (loi i idius vtdoij, uitl n m a/ (llii iii'h m idi hi h- mkIi tit. t, i 

ofy) The oidinaoos ol xpoiiiton Hill iiudHhiilnd nibd wiiiild III, » in / c .« 

oio =p Bin W, i/ = |9 cos nl, and, (oiisidtung jti - ],itnd Hm KuHi .ilijiilui Inui at 
that distance =. r, th( forei' m a would Ik sm a/, ami fhai m //wniild In m „l Ih, ,|, t,„Mn 

foicenowundci consideiatinii inayheupitsinltd (Ini till immit nl mdi , lu / to d in ' ifh ih 

axis of y the angle mt, and tluicioie making with p tlio aiigli | ,„f ut | , and Ho id ,i u i, t 

modihed by o thei oomideiations, pioduting m p \ lout F i a \ ml ,>t j im.l m - t in,. 

F Bin ) mt — nt I , 


Judgmg tiom an dogies of otliei luiiai tiinis, d appi us not inipioliihii (hit a «|| im) tnt, • f 
the length of the ladius voctoi may he ('xpitsscd hy (tmiiit ol Ih. p, unda i! lugnno nt ,u ( t on I 
(on which the immediate cause of poitnihation dtiiomlH), ind Ih u i distuil. no i’ (tan , , , d H , 
^usv^oi may depend, posAbly with a d.fi, uuf co .Ih.ni.t, mi Hi. m,,. ol th, mo. ,.r inmnt 

We shall use the letters p and q foi tluse two on efluu ut, Tlit mvt sligati..,, Hui, »aK, n 
lollowin^ foiin — 


Using as, y, p, and v, foi the undistuihed platt of Hit' Moon iiiul y > , and 

aa affected by the new f 01 oe, ’ ' 

x = p Hmv,y = p cos a, d = / s„, ,• ,• .. p> , 

(>' = ^ f p cos I ml - -iif [ , 7/ = m y sum | «,/ - . 


UiX (Im j*t I I s 



Section XI equations or the moon’s mo lions produced by the oblaiinjss 

OP THr PABTTI 

sm = sm i; + cog U sin f mt - 7ii | = sin fiT | + cos | iF| sm | mt - rt/'l , 

cos t;' = cos V^q gin v gin ] mt - nf | = cos | - 2 sm | siu | | . 

These and the foUowing investigations aie liinilod to the hist powei ot jj aad ./ and ol tlioir 
resultant teims 

P will be consideied = i 



0, - bin I I + ^ (wn 1 mi 1 - sin I mt -im\) f (sm | mi | + sm | mF- W] ) , 
= sme IliTl + g + -^) sine \ 1 ^\ - g _ sine lut | , 

— sm I ni I 

(f + 1) ”1“ I mi I 
(f ~ *) I mi - atii ) 

y' = cos I ni I + ? (cob fmT | + cos ( | + '' (cos lljifl ~ cos | mt -■^iTTl ) , 

= cos n^Tl + g + cos I mi 1 + g _ 3 .os 1 mi -'zoU 1 . 
cos I nt I 

4/=^ “ 6 + *0 

(r “ 0 I — jiii I 

Thcc eMnessions lepiosent the entiic foi cos winch mo acting on the Moon in the duoclums 
A and y rcspoctively vi/ivm-. 

The foice jmsmg from then combination, ictmg in the dilution p.utU hi to lh<. nndislmbod 
radius p (which makes with y tho angle nt), will bo, — 


+ sm fiJi I I cos I ^^i [ 


or, — 7?’ 


(f + 3 




mi n! 


cos I mf^ sii'l - g _ ;/) I 

01, - + {p (- + amn, - au-') ^ q (- am« + zn^)} x cos I mt ~ ( 

^d this maybe received also as tho expi ossion loi tho ontuc loict along tlu ictual ladins 
ctor, complote to the fiist 01 dor of small quantities But a pa't ol tins loioi is the 
gravitational attraction towmds the Eaith, 01 - , winch is oqnnl to “ ” 

ZrT * I Subtiaotmg tins from tho expiossion loi Vo’Utl'lmio 

there remams for the disturbing foioo in diiection of ecliptic ladius-veotoi, 

{p (— -^tvrfm — 4m®) + 2 (— amn + zn^)} x cos { mT^ wi | , 

and this IS the complete espiession for B, or R' cos | 'Tni’-ltf | the lodnl font winch is 
lequired m order to mamtam the supposed motion 


bb 2 
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NUMERICAL LUNAR THEORY 


The force wlach is acting at nght angles to the eohptic radius-vectoi is, — 

cos |“^| ^ - am \ ^\ 

tending to accelerate the Moon s motion This is found to be, — 

“ (f + f) nt\ + (? - 2) (to - 7,ny sm \ mi - wt\ , 

or, (- iirvn + 2%2) + g (- to’ + stow - aw*) x sm flwt — nt \ 

But the foice m the undistmbed ladius-vector, which we have deduced fiom the expiessions 
above, is not the force lu the true radius-vector which connects the distuibod Moon with the 

Earth’s centre, but is the force defined by the formula sm ^ + cos lliri and 

acts, theiefore, m the hue defined by sm jliTj and cos |“^ that is, it acts m the lino parallel 
to the radius drawn fi’om the Earth’s centre to the point which is distant fiom the Moon, m 
the direction transveisal to the ladius vectoi, by — g sm | mt - nt | And this mtioduoos, 
mto the expression for disturbance of longitude, the eiror - sm 1171# ~nt | , and this 
enor must be correcte d by mtroducmg mto T the addition -I- q sm fwTt - nt | ox 

+ ffw* sm 1 TOt - n< I , (wJ being = i) The foice temhng to accelerate the Moon’s motion 
IS, theiefore, — 

(- a/nw + aw-0 + q{-m? + %mn — x sm [wi “iit | , 

and this IS the complete expressioD foi T ox T sm | mt - wt | , the tiansvoisal foice winch 
IS requiied to mamtam the assumed motion 


These expressions foi Ji and apply equally well, both symbolically and nuineiically, mIioii 
the sign of m is negative ^ 

Adopting foi the tutuie the value w = i, we have now the two equations,— 

m)* j- -t- g - amj- , 

2" = 2> {a - amj- - q |(i _ to)-* J , 

Lorn which, and q me to be detmmmed m multiples of R' and T by tlio oidinaiy piocosa foi 
Wo simple equations ^nfammg two nnkno.n quantities In the piecedmg operation 72 R 

quanfaties, which, m apphcations, multiply smes Fo, a number of values of 5 abundantlv 

Tit !i 

tke th, T,u. It tri, b, tlmt | „ tu, 

the numbei of geometrical lunations m which the distuihinn tn j 
« thiough Its penod ’ It is also to be noticed that the as8nmptio7thartb' 



SlCTION XI IQUATIOSTS OF THE MOONS MOTIONS PKODUOID BY THE OBIATLMSS 

OP IHL EARTH ^ 


Computationa of Fir&t and Second Tables o£ numeiioal values at pmdq foi given muneiioal 

values of B' and 2 * 


Fust Tablo, for oomputiiig|) and q when m is positive 

Second I able, tor computing p and q 'when m is negative 

Comp 

Qtabon of Yalaes of p and q by anms of Hultipl<‘s 
of given Valnes of H' and 7' 

Computation of Values of p and 
of given Values of 

q by sums of Multiples 
R'Bxial' 

Values 

of 

Computation of p 

Computation of q 

Values 

of 

Computation oi p 

Computation of q 

n 

m 

liaotors of 
if' 

!£ actors of 
T' 

Factors of 
JR' 

Factors of 
T' 

n 

m 

Factors of 
JR' 

Factors of 

Factors of 

n' 

Factors of 
J' 

+ 1 
+ z 
+ 3 

+ 4 

+ S 
+ 6^ 

+ 7 

+ 8 

+ 9 

+ lo 

- 0 33 
+ I 33 
+ I 80 
+ 2 *9 

+ 2 78 

+ 3 27 

+ 3 77 

+ 4 -.7 

+ 4 77 

+ S 26 

0 OQ 

+ 5 33 

+ 54^ 

4 6 00 

*■ « 94 
+ 7 *5 

+ 8 79 

+ 9 75 

4 10 72 

4 II 70 

0 00 

4 5 33 

4 5 40 

4 6 10 

4 6 94 

4 7 85 

4 8 80 

4 9 7S 

4 10 72 

4 II 70 

0 00 

4 17 33 

4 i3 9S 

4 14 48 

4 iS 80 

4 17 41 

4 19 16 

4 10 99 

4 22 85 

+ 76 

“ i 

— 1 

- 1 

: t 
- 6 

“ 7 

- 8 

- 0 33 

- 0 80 

- 0 29 

- I 18 

- 2 27 

- 2 77 

- 3 26 

- 3 77 

- 0 33 

— I 07 

- I 93 

— 2 84 

- 3 79 

- 4 7S 

— 5 72 

— 6 70 

- 0 13 

— I 07 

- X 93 

— 2 8|. 

- 3 79 

- 4 75 

— 5 72 

— 6 70 

- 0 58 

- I 87 

— 3 46 

- 5 19 

— 7 01 

- 8 87 

— 10 76 

— 12 62 

4 20 
+ 3o 

+ 4® 

+ So 
+ 6o 
+ 70 
+ 80 
+ 90 

4 100 

+ 10 26 
+ iS a5 
+ 10 zS 
•i zS zS 
+ 3o 25 
+ 35 25 
+ 40 25 
+ 4S ^5 
+ So 25 

4 21 S9 

4 3x 56 

4 41 54 

4 5l 54 

4 61 53 

4 71 Sz 

4 81 Sz 

4 91 Sz 
4101 Sz 

4 -.1 S9 

4 3r 56 

4 41 55 

4 5i 54 

4 61 53 

4 71 Sz 
^ Si 5 z 

4 91 Sz 

4 loi 5z 

+ 44- 3S 

4 64 23 
+ 8+ 17 

4 104 1 3 
(- 124 11 

4 144 09 

H 164 08 
t- 184 07 
4204 07 

« 60 

- *9 yS 

- 58 S3 

- SS 51 

-116 12 

+ 12S 

-»■ 62 72 

4126 Sz 

4 126 Sz 

4 z 54 oS 

— izS 

— 61 40 

"-iiS 5% 

-12S 5- 

-246 32 

+ 25o 

+ 125 2S 

^ iSi So 

42S1 So 

4 504 02 

— zSo 

-114 7_ 

-.48 56 

— 248 56 

-496 36 


Oui selection of the foims^i eos | nt \ and q sin | mt -lit \ was based upon know- 

ledge that the teiins to bo supphed lor noutialismg the locognisod inoiiualitios (losulting fiom 
the a-=.sumption, in the ordinary Lunai Theoiy, of sphoncal foim of the Euth, and o\hibitoc] in 
the Tible of Forces above), must gonerally be such as would pioduce oomrwis for teims m tlu 
radial dueetion, and smea for terms in the Moon’s moveiuont paiallel to the echptie Theio are, 
howovei, several mequaJities (of which two wUl oiigago fmtlioi attention) which letpuie that 
the ladial term bo a sme, and the term of ecliptic paiallol he a eosiue For those a soil uate 
investigation is lequiied Foi distinction, among toiins generally siimlai, wo will use the 
capital letters M, P, Q, m th(Me pl^s where m, p, q have been used in the late investigation 
Let p' = I + P sm.\Mt — nt\,'of = 'ni + Q cos \ Mt — init | 

Then, taking every step in the same order as in the last investigation, 

New force requuod in the radial dueetion =a 

P X [ - + aJIfw - 411^} sm \~Mr- Hr[ + Q X o.Mn - x sm ut 'l 

New foice lequiied in the txans\orsT,l direction parallel to the ecliptic = 

Px [ + xcos \~Mt - | +Qx {- iP + x cos 
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Patting ij" and T' foi the factoRs of the tiigonometiical terms, and x foi n, vro must 
have, — 

R" = P X I — + aif - 4 j + Q X I + aJf - a I 

P" = P X I } aJf “»} +Qx|— J!P + nSf — 1 1 

And, it being understood that R" and T will be given m subsequent Tables, wo ax o to inloi 
fiom these equations the values of P *ind Q 

To ascertain clearly ^the natuie of the lesults which will be given by these iorinulcO, I have 
solved the equations, and have calculated in detail, in the same mannei as foi tho Tables lately- 

exhibited, the numeiical values of P and Q foi the values of £ =s ^2^50 The result is, 


Thud Table for computing p and q 

Computation of Valuei of P and Q from giyen Valuea of fl" m binov 
and P" m cosmes, applying to one v'duo of ^ 

Value 

of 

n 

m 

Computit 

Factor of JJ" 

ion of P 

Factor of P" 

Compulai 

Factoi of P' 

^on of Q 

i actor of /" 

+ tSo 

- ia6 

- 25i 

+ aSi 

— 5oi 


Thus It app^ that the factors for foiming the values of P and Q are tho saino muneiically 
as those for the values ofp and q, but tho signs -ue changed m the first and fouxth columns 
Thexe -would he no advantage m fixrthex extentxon of these calculationB 

Heie P and R" are faotoxs of smes, and Q and P aie factors of cosines 


We con novr proceed -with the actual calculations for selected terms 

Om ra to determme the values of jr and q where they are so largo as to In 

observahle with astronomical mstrmnente The collection of aigumonts {symbolical multinlel 
of t with aeu co-efficients} from which we must make a selection, aio those of tho " Eeprcslon 

of foic^ R {mdudmg (B), ( 0 ), (D), (P), (F), ((?), each affected by its pxopei hoaffimif J th! 
ome R, m die directmn of the Moon’s radius vector, and 

{mdudmg the teims (R), (i)} for the foice T, transveisol to the radius-vector Both those 

ttao.«h 

rf tta a* fbu. 

to » 0. a a, c. „ tie of tie p„tarl.t.o„ t™., B«Iog 
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these pomts in mind. I have selected foi tual the siv foUowing teim, The « movements >' or 
multiples of i m each teim aic tlie iactois of the movement oi the Moon m longitude, and if 
as m othei places, wc considci the velocity of tlio nndistmbed Moon i. = j. the “movements " 
m each teim ue the numeiical measmos of the Moon’s movement m liei orbit To secuie 
theiefore, with gieatcst piobibility, the teims of peitmbation winch wil] be most conspicuous’ 

we must bring undoi oiu investigation those poiiodical tcims m whose uguinouts the co-eflicient 
of t IS small 


Elements of the selected Aiguinents 


Oidei of Icim and 
Ai^iinicnl 

Mo\CllKUt oi c icli p ut 
111 1 on^itudi 

Mo^ciuLiit of complete 
Ai^,iiiuem m J onf,itudei 

V lino ol £ 

No 4 1 

r 1 « 0000000 1 

L — I b 5 o 3974 1 

H 0 14960^6 

V 6 68 

No *) \ ^71 — J \ 

1 

r 2 0000000 1 

1 — 1 9 S 3 o 9 fio J 

1 0 0169040 

H S9 l 3 

No 19 \zV ^ 7 . 1 \ 

I + z S 501974 1 

L — I 9830960 j 

— 0 ilaGpSd 

— / S4 

No Si I a// — a/ | 

r \ * 0000000 1 

L -<2 O0S04TS J 

— 0 oobojTS 

-124 32 

No 3 oi 1 « — / 1 

r +1 0000000 1 

L — I 0040^19 J 

— n OOJO-I9 

- iS C4 

No 3 oi 1 iC’->~Tb T /'I 

r + I 0000000 1 

1 - 0 S| 63 ^S^ J 

f 0 15)6^4? 

+ 6 Sr 


Wo may now select, Iioin the Tibles vlncli piccodc tljc lust, tlu multipluis leuuiied foi 
doduemg p and 7 iiom Ji' md T ioi ( ich aigument These wo slull cill tlio “Oibital 



I<oi ( omputiUion ot 

i’Oi ( oiuputitiou of r; I 

Aigumuil 

Orbit il 
lactoi of 7 ?' 

Oibital 

I ICtOf ol / \ 

Cilil il 

1 let III oJ li' 

Ol liitiil 
of J' 

1 2H — 2V 1 

+ 3 61 

S 8 49 

4 S 49 

•1 iS 60 

1 2M — a/ 1 

+ 29 8a 

4 60 66 

4 60 66 

V 122 37 

\ lb - 7 . 1 ] 

- 3 So 

— 6 24 

— 6 24 

- II 7S 

1 Ml - a/ 1 

l~- 7 l 

— 6a 40 

4 124 6 

— ia 3 02 

— 248 5 i 

- 123 0-, 

— 24S il 

- 248 0 

+ 496 + 

1 » - ail vf\ 

— 3 7a 

4 8 jS 

4 8 3 S 

- 18 3 o 
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NUMEEIOAL LUNAR THEORY 


The results now exhibited aie those which we might properly expect from combination of the 
given values in the Tables of " Expressionb of the Forces in the Radial and Tran&vei sol Diiections 
derived fiom the Tabular Elements of the Eoith s Action/’ with the Co efficients formed puioly 
from the Elements of the Earth’s Oblateness 

I am disconcerted by the discoi dance between my results and those which have boon obtuned 
by other theoiists But, after caiefnl revision of my work, I can moke no change m my 
numbers The numeneal paits are not difficult of veiification The principal theoiotical point 
IS the form of connexion between " the assumed established foices in direct and transvoisil 
measures m regard to*radius vector,” on the one hand, and “the lesulting distmbances of the 
Moon’s place as refened to the same directions,” on the othei hand At piesont, T will only 
remark on this, that the two forces m the direct and tiansversol measmes arc of the same 
order, and that I theiefore deem it indispensable that both be mcluded in one compiehensivc 
treatment 

I shall, as oppoitunity serves, endeavoui to le-venfy the whole process • 


Perturbations of the Moon in thf direction nobmaij to the ptane op thi EcrTPiic 


The measures of the foices m the boxes of (J), (JI), (i), (M), (N), (JS), are in tlic ducction 
normal to the plane of cuy^ directed from that plane , and we may tioat those movom( nts without 
any lefeience to the forces or changes of foice'i m the piccedmg terms (B) to (7), oi any othoi 
forces, except they aie extremely large, which is not the case heie The ladius-voctoi only is 
a large term, and the Earth s attraction is laige, and then whole effect must not be omitted 
We shall consider the Moon’s orbit, before the new mequahties are intioduccd, as a cec1(, whoso 
radius is i, m the plane oiwy and shall suppose the Moon to tiavel wiili the speed i m h(i 
orbit 


Now let a force + ^ in the direction + z act upon the Moon The Moon’s oidinato, at tho 
tune t, would, if there weie no othei foice, bccome^y^ Z But the evistonco of tho dis- 
placement Z will introduce another force The attiaction of the cential body will now bo in 
a direction mdined to the plane coy, and will tend to dimmish the effect of tlio foicc first 
consideied Let z be the true elevation of the Moon above the piano xy Then the iozee 
produced by the inclmed attraction, tending to raise the Moon from the plane, will be 

“ Tadmayector = ^ ^ Moon m the duectiou of will ho 


Z - 


And the equation for the Moon’s motion will be,- 


+ z = Z, 


of winch the integral is, — 


= cos ^ cos t 


Without using this geueial formula, it is eaa^ seen that, foi any term of Z, of tho form 

{^e} ordmate wiU he x teim of Z When Z is a constant, oi a 

multiple of t, the value of z is the same as that of Z 



Section XI equations of the moon’s motions pkodtjoed by the oblateness 

OF THE EABTH 

There are two circumstatLces upon which oui selection of teims fiom the Exptessmia of the 
force Z will depend The firat is the magnitude of the ei-teinal numeiical multiphor m The 
second is the smallness of the divisoi i — in?, or the neai approach of « to i Foi the fiist of 
these I piopose to take, — 

The first and largest teim of (/) s= — 3-101 x io-“ X + 10043 ^ x cos w , 

and that of {N) = + 15003 x io~*® x H 40 x io~* x cos w 

For the others I fix upon, — 

In (tT) — 3201 X io-“ X + 42 X 10-* X cos I It — ai I , 

In(Z)and(Z') — 11761 x io-“ x + 901 x 10-^ x sm |/] , 

In (M) H- 3471 X io-“ X ~ 294 X io~^ X sm’ | au - / 1 , 

In W + 3471 X io-“ X + 449 X io-‘ X sm |71 , 

In (i\r) 4- 3 6003 X 10-1° X - 20 X 10-* X cos I — 2/ 1 

Thg first and laigest teims pioduco — o" 06^6 00s u This losult, whatever weie its 
magnitude, would be useless, as merely alteiing the pi ice of the node by a constant <][uautity 

For the other terms, each of which is to bo multiplied by the (actoi of vaaiation - — 
we liave the following elementB — 



Foi j M — 2Z> 1 

loiy 

l'«i 1 zu -> 1 

1 01 1 tf - ^/ 1 

» 

— 0 983096 

}• I 004022 

1 0 99S97S 

1 

1 

1 

0 

0 

0 

Cs 






1 

+ 29 829 

— 124 08 

1 ')6 

- 61 91 

I — n 


The CO eftments, as fiist foimed m teims ol the Radius oJ the Moon’s Oibit, mo to be 

multiphed by ^ for conversion mto sexageHunal seconds , and finally wo obtain llio following 

expressions for distuibances produced by the Earth’s oblalenoss acting on the Moon m Uio 
normal to the plane of the Ecliptic — 

tf 

— 0065 ‘XlS u 

+ O 008 cos %l I 

-■ 22 730 Sine / 

+ o 191 sme |~2ie.“- / | 

— 0041 cos I w — / 1 


c c 2 
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Section XII — Effect of a Change in the Position of thp Ptanl of tiii Sot ah 
Ecliptio, on the Appaeent Place or the Moon 

The planets of the Solar System aie undoubteflly, at all times, leciprooally distuibiug (in o 
veiy mmnte degree) the fundamental elements of then motion round tho Sun It is not 
probable that any of their eflfects, except those which are constantly repeated in the bainc 
diiection, will be sufficiently large to bo remarked by teriestnal observers One of these, how- 
ever, IS a progiessive disturbance m the position of the plane of a planet's oibit round the Sun, 
causing that plane, m every successive ^revolution of the plxnet, to be moie ind more inrfimd 
to its ancient position , turning continually (though slowly) round an axis which passes tin ough 
the centre of the Sun 

In the combined effect of all the attractions of these bodies, all tho bodies aio uiidoubtodly 
disturbed But we shall here confine oui attention to the Sun, the Eaith, and the Moon TIic 
disturbances that concern us are not the absolute disturbance of each, but the i dative distuibancGs 
of the Sun and Moon as viewed at the Earth These will be lightly ostimatod by iipplyiug, to 
the Sun and the Moon, the disturbance of the Eaith with changed sign, m iddition io all 
disturbances to which they are liable fiom other causes , and thus, in fact, supposing tho Eaith 
to be stationaiy 

The Eaith being stationary, the Sun goes lound once in a yeai, and (omittmg small pc nodical 
equations) with uniform angular velocity At first he goes round m the oiaginal ap])xo\imato 
plane of the Ecliptic , but in successive yeais be moves successively in dilfeiont planes, all 
crossmg the oiiginal plane in one line which passes tin ough tlio Sun at a special point of lus 
orbit, and more and more increasing then inclination to the oiigmal phne 

In the following inaestigation we shall neglect all peitinbations of olemonls and co efficients 
of small mequaJities, except that which is under oui present special treatment 

Let be the Sun’s longitude as seen fiom the Eaith , 8 being constant 

^ ^ Gfc /■, the Suns hnear elevation above the original plane 
JR, the Sun's constant distance firom the Earth 

M = mt, the Moon’s longitude as seen from the Earth , m being constant 

1 , the Moon’s constant distance fiom the Earth 

sf, the Moon s linear elevation at the time t, above the original plane 

The Sun’s angular elevation as viewed from the Earth = 

The Sun’s disturbed angular elevation as viewed from the Moon 

H-r QOS \ M ^ S \ cos flf - S • 

or sensibly S [ £ 




Section XII effect produced by a change in the posiuon of the plane op t n*r 

THE SOLAR EOLIPTIC, ON THE APPARENT PLACE OF THL MOON 

The excess of the latter = - f 

V? R 

Producmg the force \Fhich tends to elevate the Moon (omitting small teims) 


7 Sun’s M. iss 


0- cos I - Sun's Maas 


The total force acting on the Moon to increase g is 

+ <r 


» 


Earth's Mass , ^ r Ban’s Masi r-sr re-i s„n.ivr,„ 

— ^ ^ Ri ®°® Jf — I — g 'wna.Mass 


If the Sun’s elevation increase uniformly, a- =: a t, wheie a is constant , and tlio total noimal 
elevatmg force acting on the Moon = 

Earth’s Mas<i Sun a Mass '] 

W I 


a X 


w 

{- 


, a Sun s Mass i . ^ _ 

+ Ri t cos, pif - ,5? I , 


where it will be remarked that the fictor of er is the same as in an mbit whoio the change ol 
Sun’s elevation is not recognised ® 

^ This foice IS the equivalent of ^ 

Substituting (for convemonce) — foi | PMth’s^MnsB ^ Sun's Mom j 

+ /c for 

and puttmg vt for | jjf — £f”| or [ vU — si | , 

(Pz 


* 2 ' n 

+ g^Z :=S I t co^ vt 


The general integral of the equitioii ^ + r/a = y ig, 

0 = cos cos <jL V + A oo% gt A B sm gl , 

A and 5 bemg arbitiaries (the same winch occui m the solution for the equation m which the 
change of plane of oibit is not locognised) 

It will be found here that < co, _ ^-| 

, aA — 0 

"^{(m - a) - ^ p ''in I jjf — I + COS gi + B sm qt 

The second term, wnoso only variable is if - ropiesonts that pnit of » which denotes a 
pl^e orbit in unvaried position, the first term, in which anearly siiniUi paifc is multiplied by 


j-i JL jLa 


On the reference to the term m Section IV , Paifc I . page 67 


In Jlndmg, page 53. a, ^ a „ ,aad a„,t 


, j — 2 — ’ ^ exiiressiy stated that tliia is 

of exte^ P Talets^^ ir^horevf produced by the actum 

or nlftTiA+jirJ ,+ 1. r* ^ however impossible, in this tieatise, to enter into the details of solar 

can h P® a loias pioduce.1 by these oxtomal causes, and tlieieforo no distinot meaning 

here be given to the terms Zc-, or Zg, as depending on that perturbmg cause, or 
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Section Xin — iNVESTiaAnoN or the etiect peoduced on ms Moon’s motion by Geaeual 
Change op the Sliiptioity op the Eaeths Obbit, Aoceieeation op the Moon’s 

MEAN motion PKODIJoED BY DIMINUTION OP THE ElLIPTICITY 


The apjDarent geocentric movements of the Moon^ as affected by the attraction of the Sun, aio 
treated in the piecedmg Sections, on the supposition that the movements of the Center of Gravity 
of the System of " Eaith and Moon’ round the Sun are lepresented, veiy approxunately, by the 
usual formul 09 foi elhptic motion With these are to be combined elhptic movements of the ifoon 
lound the earth, and peiiodioid disturbances (pioduced by the Sun) of the Moon’s Oeocentiic 
Orbitnl Elements, producing a comphcated effect on the Moon’s geocentric position, but with no 
elementary change of a constantly progressive chaiacter It has been thought, however, that 
researches m the planetary theory, have shown that some of the elements of hehocentiic position 
of ''Earth and Moon” undergo changes, which are small m amount, and m some measuie 
periodical, but which, on the whole, pioduce in the Moon’s geocentric place a progressive cliango , 
sensibly umfoim, and continually m the same duection thiough exceedingly long pciiods 

It IS the object of the piesent Section to examme the effect thus pioduced on the Moon’s move- 
ments by the giadual diminution of the elhpticity of the oibit of " Earth and Moon” lound the 
Sun 


The following notation will he employed thioughout this section It will bo observed that tho 
Earth is considered as the centei of co ordinates It is understood that all motions aro in the 
plane of the Ediptic 


A, the mean distance - - - « 

B, the true distance, at time of obseivation 

a, the mean or mtioductory distance 
r, the true distance, at time of observation 
Nt^ the mean longitude ... 

F, the true longitude, at time of observation 
wf, the mean oi introductory longitude - . . 

v, the true longitude, at tune of observation 

the eccentricity, at time of observation 
fif, the mean anomaly at time of observation 

B, the Sun’s radial disturbing force on the Moon in direction-^ 
from the Earth, at tune of observation - - . 

the Suns tangential foice on the Moon, at tune of obseivation 


: the Sun 


;> 

of the Moon 
)-of the Sun 
of the Moon 
)-o£ the Solaa Orbit 


1 


} 


i 


I pioduced by the 
^Sun’s attrai^on 



Section XIII investigation op thp epipct produced on the moon’s motion by .gg 

GRADUAL CHANGE OF IHE ELLIPTICITT OP THE EARTH’S ORBIT 


The symbol a, connected m the fiist instance with and so foinmig will in that combmi- 

tion denote the Variation of excentncifcy of the Solai Orbit at the time of observation , in othei 
combinations, it wiU mdicite the effect of that Vaiiation of excentiicity on othei elements The 
first power only of A, and, in coirospondence with it, the fiist power only of will be employed 
All the Variations are supposed to commence at the same common oiigm of time 


The investigation, if attempted m its utmost geneiality, would be troublesome, piincipally 
fiom the great numboi of terms in its expansions To dimmish this difficulty, wo shall take 
the foUowmg measures As the object immediately sought is, the effect which is pi oduced on 
the Moon’s longitude, wo shall entirely omit the consideiation of th^ Moon’s latitude, in so foi 
as it con produce peiiodical terms And as we do not desiro to mvestigate the excessively small 
changes (dependmg on the short peiiods which oceux in lunar theories) connected with changes 

of the Moon’s anomaly, &c, we shall entirely omit, irom the expiession for the periodical 

temJs produced by oxcentiicity oi poitmbations of the lunai orbit , picseiving only the constant 
or non periodic term given m the fiist hne of page ^55, column 6 The arguments S, (v— F), and 
their combinations, in the expansions shoitly to bo exhibited, oio essential to the principal 
terms of tho formuhe repxesenting the Sun’s action on the Moon 


Subjected to the omissions above mentioned, tho foimulte for the Sun’s foices on the Moon 
become the foDowmg {see pages 5o and 61) , 


B = Eadial foice' 
on the Moon 
directed from 
the Earth 


+ 00839 (s)* (,7) X {*- 1- cos j zv-zV 1 } 

+ (^)* coooi CO& \v—Y\ —00003 I 3W— 3F [ } 


T = Foice oc-'l 
celeratmg the [ 
Moon’s motion f 
m longitude - J 


— 00839 X Q X sm I 7 ,v—Q,V I 

+ (^)* (^)®x{ + 00001 sm I V— V I + 00003 sin | 3^— 3F | j- 


tho lisi fig m*A m eacli multiplisr boing m th© 5^ <i 6 cimal of SBimaxis of the Sirth s orbit loimd 
the Snn, and tho umt of time being the mean of the times m which tho Moon desaibos the 


angle i, 01 of tho Julian yeaa, very neaily 

84 


In applying these foimulse, we shall omit the small toims multiplying | u — F | and 
J 31, _ j ^ as not likely to produce re&ulte of sensible magnitude , and then multipliei 
(5)^ wjU not he required 

For (5)$, the complete expansion given below will he used For the mean value of Q®, wo 
shall use the constant value + 1 004^9 tliB first line m the table of Section II , Column 6 , 
omttmg entirely the periodic terms For | av— aF | we shall use the complete es^pansaons to 
he given below , 
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I We proceed now to give numeneil v-ilueg to the foimuloe foi the foiees lately found , and 
we tike, in the first place, the factoi oo83g, which applies to the two most impoiiant terms 
The number 00839 aiises fiom the pioportion of the Moon’s mean distance a to the Sun’s mean 
distance A , and consideimg the Sun’s mem distmce to he invariable, the number 00839 “ay 
he stated as " Parameter x a ” , and its Vaiiation will theiefore he “ P irameter x A a ” Giving 
the propel value to the Pnameter, (is deiived fiom the present state of movements, and never 
changing so much as to distmh sensibly the proportion of Variations), 

A ( 00839) = X Aa = 00839 

The value of ~ in terms of ^ will he a matter of subsequent mquiiy 


n We must now form the numerical value of (l)®, with its Yanation dependmg on A^ 

and Ad Le Veriier’s "expression ” foi ^ w — 

^ JO H H 

(+ I 00000+ 00014)— 016^7 cos 8 — 00014 cos , 

where S is the Sun’s mean anomaly, and the symbol’s iST and ^ placed above the 00 ofiBcients 
denote the ordei of the powers of E which enter mto those co ofiicients TIio numbei (the first 
m the hne above), which is not attached to an argument, consists m fact of two parts, of which 
the second only depends on ^ Taking the leciprocol of this “expression,” and forming its 
third powei, the expanded form foi is found to he 

JC? JJ E 

(+ 1 00001 — 00084) + 05038 cos S + 00353 cos 3/8 


When multiphed by +i 00469 (the mean value of Q ) this becomes, foi (iV 

WEE Xa 

(I 00000 + 00470 - 00084) + 05051 COS 8 + 00353 COS 3/8 


Its Variation is — 


Aa 

- 00940- 


AJS rv 

00168 + 05051 cos + 00506 cos 3/8 


- 0505 sin 8 aS- 00506 sm 3/8 a 8 


AJS-l 

3} 


affeded by the of oeornWy . .mi, therefoie, ,e eo>mec4od mfhAM,AB=o A»d fte 
Vanation of u, reduced to 

Aa f 

- 00940 - + { - 00168 + 05051 cos 8 + 00506 cos 3/8 } X ^ 

■* JS 



SeOTIOI, XIII INViaTlGtATION OF THE PPPEOT PEODtTOED ON fflE MOON’S MOTION BT 
GBADUAL CHANGE OP THE ALLIPTICITT OP THE EABTH’b OBBIT 

III The next te im foi exp ansion and Variation is cos | av - aV [ The Vanation of this 
formulae is — sm | 2v — aV | x a \%v — q,V\ How v (which i& the Moon's longitude 
measuied horn the Moon’s position when t = o), may be expiessed nearly by Gt a-*, and A V 

will be — ^ a a “S Aa Theiefoie the fiist part of A | zv — aV | is — 3^ Ao = — 31; ^ 

The second pait of a | - aF | is - aAF Heie, r=M + Sohi Equation of the 

Oent ei, Jft + <iE sm £f, and — aAF= —4 sin B L.E And the entire Vanation of 
COS I 0 /\) — %y I IS 

- sm I au - aF [ x{-.3i;^_4smj8^ A^} 


IV The fouith term gives a lesult foi Variation which diffois from that of the third tmm 
in its 4 i ngonomotn eaI pait, only m adopting the multipliei + cos | av — aF"f instead of 
•— sm I ai^ — aF I It gives for Vanation of sm | av — aF | , 

+ cos I aw — aF ( x {— 31; ~ — 4sm 5 aE} 

We shall now substitute, m the combinations foi formmg B and T, the values which we have 
lately exhibited , and shall multiply together the sopaaate hues as consecutive factors As has 
been stated befoie, wo pioceed only to the fiist oidei of aE oi Aa By anangmgthesubordmate 
parts of each value m two gioups, piincipal teims and small terms, wo shall have occasion only 
to multiply each group of small terms in one value, by the products of the pnnmpal terms of the 
othei values, and take the sum of the pioducts 

To form the Vanation of JJ, the ladial foico on the Moon — ■ 


Fibst Pabi 

First fector,±- 2 |?l 2 = + 00*40 + 00*40 x — 

Second factor, = q i oooox +( — 00168 + 050*8 cos S 

+ 00504 cos *5) X ^ 

Third factor, constant foi = -I- i 00463 + 00340 ~ 

The multiplications above mentioned will be the foHowmg, the terms which are obviously 
penodical bemg omitted, 

+ I 00001 X + I 00463 X + 00*40 X ~ = + 00*41 X — 

dX * (t 

+ O 00*40 X + 1 00463 X 00168 X ^ - 00000 X ~ 

I- O 00*40 X + 1 00001 X — 00340 X ^ = — 0000a X ^ 


dd 
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Second Paet 


Fust factoi, + 00839 

= + 00340 

+ 00340 X ~ 



Second factor, 

= +1 00001 

+ (+ 00168 + 

00 

0 

0 

cos 8 



+ 00304 cos 

28) X 

AJC 


Thiid factoi, constant for = + i 00469 

Eourth fad»r, cos ] av — j = + cos \ 2V — zV \ 


— sin \ VO — zY\ X (—3V „ — 4 sin /S aE) 

Tlie results of the multiphcations a<re all periodical 

It appears therefore that the only non-penodical pait in the radial toice on tho Moon is 
+ 00340 x— • 

Foi the Vaiiation of T, the tangential force on the Moon , on lemaikmg that its expicssion, 
expanded m the same order, will contain no term corresponding to the " First Factoi ” oi tlit 
'* Second Pait” above, and that, in other paits, sme and cosine are precisely intcrch vngcd , it 
wiU be seen at once that the Variation of T has no non-penodical term 

It appeals therefore that, as far as the first power of small quanktios, no change is produced 
in the Moon’s mean longitude by a change m the excentncity of the Eaith’s Orbit lound tlu 
Sun 
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INDEX GIVING THE EEEEEENCE EOE EVEEY AEGUMENT IN THE 

DEVELOPMENTS 


Argument 



Argument 



Z - ^ 5 
Z - 2 5 
Z - S 
Z 

Z + S 
Z + 2 sr 
Z + 3 S 

2 Z - 2 Sf 
2 Z - 5 f 
2 Z 


/ + Z - 2 S 
/ + z - 5 

f + j 

/ + z + Sf 
/ + z + a S 

f + ii- sr 

y + 2 Z 

y + 2 z + s 

/ + 3 Z - Sf 
/ + 3Z 
/ + 3 Z + fif 

/ + 4 Z 

/ + 5Z 




2 Z 

+ 


iS 

28 

ay - 

4 Z 




2 Z 

+ 

2 

Sf 

91 












3 Z 




3 Z 


2 

S 

236 






3 Z 

— 


5 

60 

»/“ 

2Z 

— 



3 Z 




x 3 

- 

a Z 




3 Z 

+ 


s 

61 

2/ - 

2 Z 

+ 



4 Z 



& 

1 X 0 

ay - 

Z 

— 



4Z 




33 

a/ - 

Z 




4Z 

+ 


Sf 

i 36 

ay 

Z 

+ 



5 Z 




68 

4/ 










ay 










a/ 


+ 



6Z 




237 











2/ + 

Z 

— 








ay + 

Z 


/ 

- 

5 Z 




467 

ay + 

z 

+ 

/ 


4Z 




40 X 

ay + 

2 Z 

— 








ay 4 

2 Z 


/ 


3 Z 



5 f 

399 

ay + 

2 Z 

+ 

/ 

— 

3 Z 




338 




/ 


3 Z 

+ 


S 

400 

ay + 

3 Z 

— 








ay + 

3 Z 


/ 


aZ 

_ 


s 

363 




/ 


2Z 




3 x 0 

ay 4 * 4 ^ 




aZ 

+ 


s 

365 




/ 


Z 


2 

s 

397 

3/- 

3 Z 


/ 

— 

Z 



s 

32$ 




/ 

— 

Z 




3 o 3 

3/- 

2 z 


/ 


Z 

+ 


s 

3 az 




f 


Z 

+ 

2 

s 

398 

3/- 

z 

— 








3/- 

z 


f 



- 

2 

s 

391 

3/ - 

z 

+ 

f 



— 


s 

3 a 6 




f 






3 ox 

3/ 



f 



+ 


s 

320 




f 



+ 

2 5 

392 

3/ + 

z 



sy + 2 z 

3 y + 3 Z 

’ 4 y- az 
4 /^- Z 
4 / 

4 / + Z 
4 y + a Z 

D - 3 y 

D - ay - Z 
D - 2y 

D - ay + 
D - ay H Z 

D - y - aZ 
I> - Z 

X) - y - z + 


/ H z 

y ^ z -I- 5 

y ^ aZ 

/■ + 1 Z + 5 


- 3 Z 

- 3 Z + S 

- aZ - S 
^ 2 Z 

- a Z + <Sf 

^ I ^ S 

- z 

- Z + 5 

— 2 jS 
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INDEX GIVING J HE EEPEEENCE FOE PVEEl AEGUMENT IN THE 
DEVELOPMENTfe — continued 


Argument 

Peference 

^o 

22? + f ^ - 2 . S 

4S6 

2 D + f — %l — S 

40 S 

2 D ■¥ / — 2 Z 

337 

22? + /— 2?+ S 

406 

22? + ^ - Z - 2 S 

364 

22 ? h / - 1 S 

3 i? 

22? + / - 1 

3 oS 

2 + / - 2 + 

33 *; 

22? + /— /+2S 

404 

2 2 ?+/ - 2 SI 

36 o 

2 2 ? + f - S 

3 i 6 

2 2? ♦ / 

307 

2 Z? + / + S 

341 

22? + /• + / - - 9 

402 

2Z? + /+ Z— 6 

344 

2 ^ + / ’^' Z 

3 x 3 

2 2?+/+ Z + S 

373 

a 2 ? + /+2Z- S 

390 

2 2 ?+ / + 2 Z 

339 

22? + /H2Z't S 

403 

2 2 ?+ / + 3 Z 

382 

2 2 ? + 2/ — 3 Z 

107 

2Z?H 2/—2Z- S 

143 

2 2> + 2/ - -.Z 

41 

22?H 2jf — 2Z+ S 

.38 

22 ? + 2/’- Z-2S 

X 77 

2 2 ? + 2/ - Z - S 

141 

2 2 ? + 2 / — Z 

48 

2 2 ? + 2jf - Z + iS 

161 

2 2 ? H 2/ — 2 S 

175 

2 2 ? + 2/ - S 

x 5 x 

2 2? + 2/ 

III 

2 2? + 2/ + 5 

i63 

2 2 ? + 2/ + Z - SI 

i 65 

22? + 2/ + / 

i 5 o 

2 2? 1- 2/ + / + S 

184 

22? + 2/ H 2Z‘- S 

212 

2 2 ? + 2/ + 2 Z 

162 

2 2 ? + 2/ + 3 Z 

234 

2 2 ? + 3/ - 2 Z 

409 

2 2 ? + 3 / - Z - S 

443 

2 2 ? + 3 /- Z 

I71 

2 2 ? + 3 / - S 

444 

+ 3 y 

379 


Aigumont 

Beference 

No 

22? 

+ 

3/ + 

z 



408 

22? 

+ 

4 /- 

z 



i83 

22? 

+ 

4/ 




192 

3 Z? 

- 

3/ 




478 

:»2? 

- 

a/ - 

z 



179 

32? 




_ 

s 

204 

3 2? 

— 

a/ 




S2 

3 2? 

- 

»/ + 

z 



209 

32? 

- 

y - 

2 Z 



442 

3 2? 


/- 

/ 



367 

32? 

— 

f - 

z 

t- 

s 

471 

32? 


f 



s 

439 

3 2? 

— 

y 




36i 
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